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1.  INTRODUCTION 


Under  sponsorship  of  the  Army  Research  Office  (Contracts  DAAG29-8^-C-0003  and 
DAAL-87-C-0004).  DCW  Industries.  Inc.  engineers  have  developed  and  tested  state-of-the- 
art  computational  fluid  dynamics  (CFD)  tools.  Our  research  efforts  have  produced  several 
publications^-^  detailing  our  progress  in  making  numerical  simulation  of  shock-separated 
flows  both  realistic  and  computationally  efficient.  While  our  primary  focus  has  been  upon 
two-dimensional  flows,  part  of  the  objective  in  this  contract  was  to  extend  our  CFD  capabil¬ 
ity  to  three-dimensions.  This  report  summarizes  research  accomplished  in  Contract  DAAL- 
87-C-0004  between  September,  1987,  and  March,  1991. 

Our  personal  assessment  of  the  work  accomplished  versus  the  work  proposed  for  Contract 
DAAL-87-C-0004  is  that  five  of  the  six  proposed  tasks  have  been  successfully  completed 
while  the  sixth  task  has  been  only  partially  successful.  In  Task  1  we  devised  surface 
boundary  conditions  for  the  multiscale  model  including  effects  of  roughness  and  blowing. 
This  work  tied  up  some  loose  ends  of  the  model's  development.  We  focused  upon  free 
shear  flows  in  Task  2.  While  our  results  were  excellent  for  the  mixing  layer,  numerical 
difficulties  initially  precluded  obtaining  satisfactory  solutions  for  wakes  and  jets.  An 
improved  numerical  algorithm  ultimately  produced  accurate  solutions  that  illustrated  a 
sensitivity  to  boundary  conditions  that  has  not  been  fully  appreciated  in  the  past.  We  have 
made  major  improvements  to  our  three-dimensional  boundary-layer  program  in  Task  3. 
We  have  done  several  computations  with  the  program  and  no  model  deficiencies  have 
appeared  for  three-dimensional  boundary  layers.  Task  4  proved  to  be  a  bit  more  difficult 
than  anticipated,  and  the  results  won’t  be  fully  appreciated  until  we  perform  three-dimen¬ 
sional  Navier-Stokes  computations.  Using  a  combination  of  perturbation  and  numerical 
analysis,  we  devised  compressible  wall-function-type  surface  boundary  conditions  consist¬ 
ent  with  the  k-w  and  multiscale  models.  In  Task  5,  the  MacCormack*^ 
flux-splitting/Gauss-Seidel-based  algorithm  has  been  optimized  for  both  the  k-co  and  mul¬ 
tiscale  models.  The  optimized  algorithm  has  been  exercised  extensive!)  for  two-dimen¬ 
sional  separated  turbulent  flows  and  has  proven  to  be  incredibly  fast.  The  algorithm  is  .so 
fast  that,  using  as  many  as  4000  grid  points,  no  wall  functions,  and  the  multiscale  model, 
two-dimensional  separated  turbulent  flow  computations  can  now  be  routinely  done  on  a 
fast  (80386-  or  80486-based)  desktop  personal  computer.  Task  6  proved  to  far  more  diffi¬ 
cult  than  anticipated.  The  object  was  to  perform  three-dimensional  Navier-Stokes  compu¬ 
tations.  However,  the  three-dimensional  version  of  MacCormack's  new  algorithm  was  not 
be  available  to  us  and  we  opted  to  use  a  NASA  Langley  program  known  as  CFL3DE. 
Having  far  less  familiarity  with  the  numerical  algorithm  and  code  structure  in  CFL3DE,  we 
have  been  unsuccessful  in  developing  a  fully  operational  program. 
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Section  2  presents  an  overview  of  research  accompli''hed.  Section  3  presents  a  summary 
and  conclusions  based  on  the  overall  work  accomplished.  Because  research  conducted  in 
an  earlier  ARO  Contract  (DAAG29-83-C-0003)  forms  the  foundation  of  the  present  re¬ 
search,  Appendices  A  and  B  include  the  two  key  publications  from  Contract 
DAAG29-83-C-0003.  Appendices  C,  D,  E,  F  and  G  include  reprints  of  the  papers  pub¬ 
lished  under  this  Contract. 
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2.  RESEARCH  OVERVIEW 


2.1  Multiscale  Model  Development 

The  earliest  efforts  in  this  Contract  were  directed  at  cleaning  up  some  loose  ends  in  de¬ 
veloping  the  Wilcox  multiscale  model  (see  Appendix  B).  The  most  significant  issue  was  the 
development  of  boundary  conditions  suitable  for  flow  over  rough  surfaces  and  for  surfaces 
with  mass  injection.  While  we  devised  such  boundary  conditions  for  the  k-w  model  ( see 
Appendix  A),  the  multiscale  model  had  proven  to  be  a  bit  more  difficult  to  integrate 
through  the  viscous  sublayer.  In  this  Contract,  we  improved  the  numerical  algorithm 
implemented  in  our  viscous  sublayer  program  and  successfully  developed  the  boundary 
conditions.  Complete  details  are  given  in  Subsections  3.1  through  3.3  of  the  reprint  in 
Appendix  D. 

A  full  Reynolds  stress  closure  must  be  used  to  obtain  accurate  results  for  flows  with  signifi¬ 
cant  streamline  curvature.  To  test  the  multiscale  model’s  ability  to  predict  properties  of 
such  flows,  two  applications  were  done  for  flows  with  convex  curvature.  Results  are 
summarized  in  Subsection  3.4  of  the  reprint  in  Appendix  D.  As  expected,  excellent  agree¬ 
ment  between  computed  and  measured  boundary  layer  properties  has  been  obtained. 


2.2  Free  Shear  Flows 

Free  shear  flows  provide  an  interesting  test  of  the  range  of  applicability  of  both  models, 
which  have  been  developed  m.ainly  for  wall-bounded  flows.  Subsection  3.5  of  the  reprint  in 
Appendix  D  shows  that  both  the  k-oj  and  multiscale  models  yield  a  reasonable  solution  for 
the  incompressible  mixing  layer.  However,  both  models  display  a  disconcerting  sensitivity 
to  the  freesiream  value  of  the  specific  dissipation  rate,  w.  Initial  attempts  at  obtaining 
solutions  for  the  jet  and  wake  proved  to  be  extremely  difficult.  A  better  numerical  algo¬ 
rithm  was  implemented  and  solutions  for  the  k-u)  model  were  obtained  for  the  mixing  layer, 
plane  jet,  round  jet,  radial  jet  and  plane  w'ake.  Again  computational  results  display  a  sensi¬ 
tivity  to  the  freestream  value  of  w.  However,  we  also  found  that  realistic  spreading  rates 
can  be  obtained  for  all  five  of  these  free  shear  flows,  provided  an  optimum  freestream 
value  of  w  is  chosen.  By  contrast,  the  popular  k-t  model  predicts  a  reasonable  .spreading 
rate  only  for  the  plane  jet,  and  has  no  sensitivity  to  freestream  conditions.  Consequently, 
the  k-6  model  is  unreliable  for  four  of  the  fi\e  cases  considered.  Section  V  of  the  reprint  in 
Appendix  G  summarizes  these  results. 


3 


2.3  Three-Dimensional  Boundary  Layers 


The  only  successful  three-dimensional  applications  in  this  Contract  were  for  two  ship-hulls. 
Section  3.3  of  the  reprint  in  Appendix  C  shows  that:  (a)  k-co  and  multiscale  results  are  very 
similar  and  (b)  either  model  predicts  flow  properties  much  closer  to  measurements  than  the 
mixing-length  model  for  both  cases. 


2.4  An  Alternative  to  Wall  Functions 

In  preparation  for  three-dimensional  applications,  we  devised  a  perturbation-method  based 
strategy  for  obviating  integration  through  the  viscous  sublayer.  The  methodology,  termed 
wall  matching,  is  an  alternative  to  the  use  of  wall  functions.  Most  importantly,  solutions 
display  far  less  sensitivity  to  the  point  of  application  of  the  grid  point  nearest  the  surface 
than  do  conventional  wall  functions.  The  reprint  in  Appendix  E  gives  a  complete  descrip¬ 
tion  of  the  procedure, 

2.5  Two-Dimensional  Shock-Separated  Flows 

Turning  to  boundary-layer  separation,  early  in  the  Contract  we  attempted  a  Mach  3  shock¬ 
wave/boundary-layer  interaction  computation.  The  numerical  algorithm  uas  a  serni-im- 
plicit  method  developed  by  MacCormack."  The  flow  considered  was  the  reflection  of  an 
oblique  shock  wave  from  a  planar  surface.  The  computations  were  done  on  a  relatively 
coarse  grid.  Although  a  bit  crude,  the  computations  suggested  that  the  multiscale  model 
would  predict  a  somewhat  lower  pressure  plateau  over  the  separation  bubble  and  a  larger 
separated  region.  Both  differences  would  put  computed  results  in  closer  agreement  with 
measurements.  Additionally,  the  computations  suggested  an  inherent  unsteadiness,  similar 
to  that  observed  experimentally.  While  the  latter  feature  ultimately  proved  to  be  spurious 
numerical  error,  the  other  predictions  were  borne  out  in  subsequent  applications.  These 
results  are  summarized  in  Section  4  of  the  reprint  in  Appendix  C. 

The  highlight  of  research  conducted  in  this  Contract  is  the  two-dimensional  compression 
corner  applications  reported  in  the  reprint  in  Appendix  F.  While  the  computations,  again 
using  MacCormack’s  semi-implicit  algorithm,'*  required  significant  computing  time  on  a 
Cray  X/MP  computer,  they  clearly  illustrate  the  superiority  of  the  multiscale  model  over  a 
two-equation  model  for  separated  flows.  As  Contract  research  progressed,  we  incorporat¬ 
ed  the  k-co  and  multiscale  models  in  a  program  based  on  MacCormack’s"*  Gauss-Seidel 
line-relaxation  method.  The  program  reduced  execution  time  by  nearl>  a  factor  of  100,  and 
made  two-dimensional  shock-separated  flow  comp'itations  practical  on  a  fast  (80386-  or 
80486-based)  desktop  microcomputer.  The  reprint  in  Appendix  E  includes  examples  of 
how  fast  the  new  program  is. 
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2.6  Three-Dimensional  Program  Modification 

In  this  task,  the  k-oo  and  multiscale  models  have  been  incorporated  in  a  three-dimensional 
compressible  fluid  flow  program  known  as  CFL3DE.  The  model  equations  have  been 
added  to  CFL3DE  in  the  form  of  a  "portable  subroutine"  which,  in  principle,  can  be  added 
to  any  three-dimensional  Navier-Stokes  program  with  very  little  modification.  The  subrou¬ 
tine  is  undergoing  careful  testing  but  remains  inoperable  due  to  coding  errors. 

2.6.1  Computer-Program  Overview 

CFL3DE  is  a  very  general,  fully-vectorized,  computer  program  which  implements  upwind- 
biased  spatial  differencing.'-  This  program  can  be  used  to  compute  a  wide  range  of  prob¬ 
lems  ranging  from  inviscid  to  separated  turbulent  flows  with  either  perfect  gas  or  equilibri¬ 
um  air  equation-of-state  options.  Compressibility  effects  are  accounted  for  in  the  program 
by  using  Favre'^  mass  averaging. 

The  program  has  a  multiple-zone  grid  capability  and  has  options  to  use  either  Roe’s'**  flux- 
difference  splitting  (FDS)  technique  or  Van  Leer’s'*'  flux-vector  splitting  (FVS)  method. 
The  program  implements  a  hybrid  streamwise-relaxation/crossflow-approximately-fac- 
tored  algorithm  and  can  be  run  in  several  different  modes,  viz, 

•  Space-marching,  Euler 

•  Space-marching,  parabolized  Navier-Stokes 

•  Time-marching,  steady  Euler 

•  Time-marching,  steady  thin-layer  Navier-Stokes 


2.6.2  Portable-Subroutine  Overview 

To  help  expedite  program  development,  the  new  subroutine  implementing  the  k-co  and 
multiscale  models  is  restricted  to:  (a)  a  single  grid;  (b)  Roe’s  FDS  procedure:  and,  (c)  time¬ 
marching  solution  of  the  thin-layer  Navier-Stokes  equations.  If  desired,  the  other  options 
can  be  added  later  once  the  program  has  been  fully  validated. 

The  subroutine  has  been  written  with  an  input  parameter,  NEONS,  that  is  2  for  the  k-co 
model  and  8  for  the  multiscale  model.  The  approximate  amount  of  memory,  in  bytes, 
required  for  the  primary  program  arrays  is  given  by  the  following  formulas  for  the  unmodi¬ 
fied  program  and  the  modified  program  yvith  each  of  the  turbulence  models. 
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Baseline  ~  (Ima-,  "*■  10)  Jpiax 

(1) 

2-Eqiiaiion  “  (^max  ^0)  Jniax  ^max 

(2) 

Multiscale  —  ^04  (Ip^ax  ^0)  I^max 

(3) 

The  quantities  In,ax,  Jmax  and  Kn,ax  are  the  maximum  number  of  grid  points  in  the  streamwise 
direction,  crossflow  direction  and  direction  normal  to  the  surface.  Thus,  the  k-co  mode! 
requires  an  11%  increase  in  memory  while  the  multiscale  model  requires  a  46%  increase. 
Table  1  summarizes  the  memory  required,  in  megabytes,  for  a  grid  with 
For  example,  on  an  80386  or  80486  based  microcomputer  using  MS-DOS  and  the  Phar  Lap 
DOS  Extender,  2  megabytes  of  memory  must  be  set  aside  for  the  operating  system,  pro¬ 
gram  instructions  and  stack  space.  Thus,  based  on  Table  1,  the  multiscale  model  version  of 
CFL3DE  will  run  on  a  16-megabyte-memory,  80386  or  80486  microcomputer  with  a 
38x38x38  grid  (approximately  55,000  points).  A  k-co  model  computation  can  be  done  on 
such  a  computer  with  a  42x42x42  grid  (approximately  74,000  points). 

Table  1.  Megabytes  of  Computer  Memory  Required  for  =  ^max  =  K^max 


^max 

hi  Baseline 

N 

*  2-i;i)iiaiion 

NJ 

''.Muliiscale 

35 

7.7 

8.6 

11.2 

40 

11.2 

12.5 

16.3 

45 

15.6 

17.4 

'>2  7 

50 

21.0 

23.4 

30.6 

Symbolically,  we  write  the  equations  of  motion  as  follows. 


aq  9  .  .  a 

-3i "  8i*'  • 


+ 
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(h  -  hj  =  s 


(5) 


where  i,  rj  and  f  are  general  streamwise.  crossflow  and  normal  coordinates.  In  Equation 

(4) ;  0  is  the  vector  of  mean-flow  properties;  F.  G.  and  H  are  the  mean-flow  inviscid-flux 
vectors:  and.  F^,  and  are  the  mean-flow  viscous-flux  vectors.  Similarly,  in  Equation 

(5) :  q  is  the  vector  of  mean-flow  properties;  f.  g,  and  h  are  the  turbulence  inviscid-flu.x 
vectors;  f^.  g.,  and  h^  are  the  turbulence  viscous-flux  vectors:  and  s  is  the  source-term  vector. 
For  example,  the  vector  0  is  as  follows. 
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Q  =  J-1  [  p  pu  pv  pw  pE  ]■> 


(6) 


where  J  is  the  Jacobian  of  the  coordinate  transformation,  p  is  fluid  density,  u,  v,  and  w  are 
the  Cartesian  velocity  components,  E  =  8  +  l/2(u2+v2+w2)  is  total  energy,  and  8  is  internal 
energy.  The  form  of  the  vector  q  depends  upon  which  turbulence  model  is  implemented. 

k-6)  model 

q  =  J-4pkpw]T  (7) 

Multiscale  model 

q  =  J-5[pk  pw  p(k-e)  p5T,,  p6T,y  p5T,„  pSTyy  P<STyjT  (8) 

where  p(k-e)  is  the  enerfty  of  the  upper  partition  eddies  and  pfiT,j  is  the  deviatoric  part  of 
the  upper  partition  conciibution  to  the  Reynolds-stress  tensor.  That  is,  we  define 

P^Tjj  =  pT.j  +  ^P(k-e)5,j  =  T,j  +  ^pk«„  (9) 

Details  of  the  flux  vectors,  F.  G,  H,  f,  g,  h,  and  their  viscous  counterparts  are  omitted  for 
the  sake  of  brevity.  Their  form  is  given,  for  example,  by  Walters  and  Thomas'-  and.  more 
recently,  by  Morri.son.'<‘  One  noteworthy  subtle  feature  of  the  multiscale  model  is  that  the 
viscous-flux  terms  for  p5T,j  are  all  zero. 

The  basic  flowfield  solver  contained  in  CFL3DE  is  used  without  modification  for  Equation 
(4).  The  solution  involves  inverting  a  5x.5-block-tridiagonal  matrix.  At  this  stage  of  devel¬ 
opment.  we  are  deliberately  omitting  the  turbulence  kinetic  energy  from  the  mean  energy 
Equation.  The  advantage  of  doing  this  is  the  original  CFL3DE  source  code  remains  unal¬ 
tered.  We  will  eventually  asse.ss  the  importance  of  this  omission  by  performing  the  same  k- 
w  computations  as  Morrison*^  who  has  included  k  in  his  mean-energy  equation. 

The  new  subroutine  solves  the  turbulence-model  equations  separate  from  the  main  pro¬ 
gram.  Thus,  the  overall  computational  procedure  consists  of  a  sequential  solution  first  of 
Equation  (4)  followed  by  solution  of  Equation  (5).  The  only  way  turbulence  properties 
appear  in  Equation  (4)  is  through  the  diffusion  terms.  More  specifically,  it  is  through  the 
eddy  viscosity.  Our  experience  has  shown  that  this  coupling  is  rather  weak  for  Navier- 
Stokes  solvers.  Hence,  solving  Equations  (4)  and  (5)  sequentially  should  not  cause  any 
significant  computing  time  penalty  compared  to  a  coupled  solution. 
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The  way  the  source  term  vector  s  is  treated  guarantees  that  the  discretized  version  of 
Equation  (5)  requires  inversion  of  standard  tridiagonal  matrices  for  each  component  of  q. 
For  example,  the  vector  s  for  the  k-co  model  is 


s  =  [(P^-DO  (P.-D,)]T  (10) 

where  P|^,  D,^,  and  are  given  by 

Pk  =  T,.—  ,  D,  =  /3*pwk  (11) 

OXj 

Pw  = 

Part  of  the  discretization  procedure  involves  computing  the  Jacobian  Ss,/  3qj.  To  compute 
this  Jacobian  for  the  k-w  model,  we  rewrite  the  vector  s  as  follows. 

s  =  [(Pk  -  («pPk//^.  ■  ^q2'/P)F  (13) 

where  is  the  eddy  viscosity.  Then,  the  Jacobian  assumes  the  following  diagonal  form. 


as,  -  2  i8*(o  0 

9q,  0  •  2  iS  00 


(14) 


Since  none  of  the  flux  vectors  contributes  off  diagonal  terms,  treating  the  source  terms  in 
this  manner  yields  uncoupled  tridiagonal  matrix  equations  for  both  pk  and  poo.  The  multis¬ 
cale  model’s  source  vector  Jacobian  is  treated  in  the  same  manner  resulting  in  8  uncoupled 
tridiagonai  matrix  equations  for  pk,  poo,  p(k-e),  and  the  five  pertinent  components  of  p5T,j. 

Treating  the  turbulence  equations  in  this  manner  has  proven  very'  successful  in  our  two- 
dimensional  Navier-Stokes  computations  using  MacCormack’s'o  method  with  Gauss-Seidel 
line  relaxation.  The  rapid  convergence  and  short  computing  times  for  our  two-dimensional 
Navier-Stokes  computations  of  Appendix  F  attest  to  the  efficiency  of  our  procedure.  We 
expect  the  method  will  work  just  as  well  with  CFL3DE. 

Unfortunately,  our  unfamiliarity  with  the  numerical  algorithm  and,  much  more  important¬ 
ly,  the  structure  of  this  18,000  line  program  has  severely  impeded  our  progress.  The  pro¬ 
gram  remains  inoperable  due  to  an  undiscovered  coding  error.  Although  we  are  confident 
we  will  eventually  develop  a  functioning  program,  Contract  funds  are  now  exhausted. 
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3.  SUMMARY  AND  CONCLUSIONS 


Using  our  established  expertise  and  computational  tools,  the  future  appears  bright  especial¬ 
ly  when  we  complete  development  of  the  three-dimensional  program.  Research  accom¬ 
plished  in  this  Contract  shows  that,  using  MacCormack’s'^  algorithm,  two-dimensional 
shock-separated  turbulent  flows  can  be  routinely  done  on  an  80386/IBM-PC-class  comput¬ 
er  in  a  matter  of  hours.’  Even  crude-mesh  three-dimensional  computations  can  be  done  on 
such  a  machine,  although  a  Cray-class  computer  is  needed  for  adequate  resolution  of  fine 
details  in  a  complicated  flow. 

It  appears  that  we  have  developed  the  most  complete  and  accurate  turbulence  mode!  avail¬ 
able  at  this  time.  The  Wilcox  multiscale  model^*  has  been  tested  for  more  than  50  well- 
documented  flows  including  isotropic  turbulence,  free  shear  flows,  compressible  and 
incompressible  boundary  layers  (including  surface  roughne.ss,  blowing  and  curvature), 
unsteady  boundary  layers,  and  shock-separated  flows  from  transonic  to  supersonic  speeds. 
None  of  the  applications  attempted  to  date  has  yielded  major  discrepancies  between 
computed  and  measured  flow  properties. 

While  more  work  may  be  needed  to  arrive  at  a  truly  universal  turbulence  model,  the  .success 
achieved  thus  far  with  the  multiscale  model  suggests  that  we  are  in  a  por.ition  to  begin 
studying  fine  details  of  viscous-inviscid  interactions  at  supersonic  speeds,  particular!)  tho.se 
details  which  elude  experimenters.  Such  an  end  is  indeed  one  of  the  ultimate  goals  of  CFD, 
viz,  to  augment  the  physical  wind  tunnel.  Detailed  .studit  :ould  be  made  for  some  of  the 
flows  we  have  already  computed  (e.g.,  flow  .structure  near  separation  and  reattachment) 
and  the  results  certainly  would  be  interesting.  Hv/v.eve^  convincing  the  engineering 
community  that  the  "physics"  predicted  by  a  turbulence  model  is  believable  nevertheless 
remains  unlikely  wit.hout  even  stronger  evidence  that  the  model  has  captured  key  details  of 
turbulence  structure. 
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APPENDIX  A:  k-co  MODEL  BASELINE  PAPER 


The  paper  reproduced  in  this  appendix  appears  in  the  November,  1988  issue  of  the  AiAA 
Journal.  The  formal  reference  to  this  paper  is  as  follows. 

Wilcox,  D.  C.,  "Reassessment  of  the  Scale  Determining  Equation  for  Ad¬ 
vanced  Turbulence  Models,"  AIAA  Journal,  Vol.  26,  No.  11,  Nov.  1988,  pp. 
1299-1310. 

This  paper  defines  the  Wilcox  k-co  two-equation  model  of  turbulence.  The  primary  contri¬ 
bution  in  this  paper  is  a  perturbation  analysis  of  the  defect  layer  including  effects  of  pres¬ 
sure  gradient.  The  paper  also  develops  surface  boundary  conditions  appropriate  for  rough 
surface  and  for  surface  mass  injection.  Applications  include  both  incompressible  and 
compressible  boundary  layers  and  the  incompressible  mixing  layer. 
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Reassessment  of  the  Scale-Determining  Equation 
for  Advanced  Turbulence  Models 


David  C.  Wilcox* 

DCtV  Indui tries,  Inc.,  La  Canada,  California 


A  comprehensive  and  criicai  review  of  ciosure  approximations  for  iwo>eguaiion  turbuience  modeis  has  been 
made.  Parlicuiar  attention  has  focused  on  the  scaie-detcrmining  equation  in  an  attempt  to  find  the  optimum 
choice  of  dependent  ciiriabie  and  ciosure  approximations.  Using  a  combination  of  singuiar  perturbation 
methods  and  numerical  computations,  this  paper  demonstrates  that:  1)  conventional  k-i  and  /c-w’  formulations 
generally  are  inaccurate  for  boundary  layers  in  adverse  pressure  gradient;  2)  using  “wall  functions"  tends  to 
mask  the  shortcomings  of  such  models;  and  3)  a  more  suitable  choice  of  dependent  variables  exists  that  is  much 
mure  accurate  for  adverse  pressure  gradient.  Based  on  the  analysis,  a  two>equalion  turbulence  model  is 
postulated  that  is  shown  to  be  quite  accurate  for  attached  boundary  layers  in  adverse  pressure  gradient, 
compressible  boundary  layers,  and  free  shear  flows.  With  no  viscous  damping  of  the  model's  closure  coefficients 
and  without  the  aid  of  wall  functions,  the-  model  equations  can  be  integrated  through  the  viscous  sublayer. 
Surface  boundary  conditions  are  presented  that  permit  accurate  predictions  for  flow  over  rough  surfaces  and  for 
flows  with  surface  mass  additioq. 


I.  Introduction 

URING  the  past  20  years,  a  great  deal  of  research  has 
focused  on  the  task  of  devising  closure  approximations 
lor  the  long-time-averaged  Navter-Stokes  equations  suitable 
for  predicting  properties  of  turbulent  flows.  Prior  to  1968, 
virtually  all  turbulence  closure  schemes  were  "incomplete," 
i.e.,  their  implementation  required  some  advance  knowledge 
about  the  flow  field  under  consideration  in  order  to  obtain  a 
solution.  The  besi-known  incomplete  turbulence  model  is  the 
mixing-lengih  model.'  This  model  is  incomplete  because  the 
appropriate  form  of  the  mixing  length  must  be  determined 
empirically  for  each  new  application,  in  general,  it  cannot  be 
specified  a  priori. 

In  1968,  the  first  Stanford  conference*  on  turbulent  flows 
was  held  to  test  existing  turbulence  models  against  the  best 
experimental  data  available.  The  data  base  was  confined  to 
incompressible  two-dimensional  boundary  layers.  The  compe¬ 
tition  was  won,  more  or  less,  by  the  “incomplete"  model  of 
Bradshaw  et  al.’ 

The  trend  in  turbulence  modeling  since  the  first  Stanford 
conference  has  been  toward  development  of  complete  models. 
For  clarity,  note  that  the  terminology  "complete  model  of 
turbulence,"  as  used  m  this  paper,  means  a  set  of  equations 
that  can  be  used  to  predict  a  given  turbulent  flow  with  no 
advance  information  other  than  boundary  conditions  required 
in  order  to  achieve  a  solution.  The  terminology  is  not  intended 
to  imply  anything  with  regard  to  the  range  of  applicability  of 
the  theory. 

Over  the  past  15  years,  the  most  vigorous  modeling  efforts 
have  been  conducted  by  Donaldson  et  al.,*  Launder  ei  al.,'  ^ 
and  Wilcox  et  al.’  Recognizing  the  substantial  progress  the 
various  researchers  seemed  to  be  making,  the  second  Stanford 
conference  on  turbulent  flows  was  held  in  1980  and  1981." 
This  time,  however,  the  scope  of  the  experimental  data  was 
expanded  tremendously  to  include  complicating  effects  of 
compressibility,  streamline  curvature,  surface  mass  transfer, 
boundary-layer  separation,  secondary  motions,  etc.,  that  is. 
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virtually  every  complicating  effect  known  to  man  was  included 
if  experimental  data  of  reliable  quality  existed. 

From  this  researcher’s  viewpoint,  results  of  the  second  of 
the  two  Stanford  conferences  were  at  once  very  encouraging 
and  disappointing.  On  the  one  hand,  the  state-of-the-art  has 
been  shown  to  have  advanced  dramatically  since  the  first 
Stanford  conference  it  was  hard  to  imagine  in  1968  that 
separated  flow  fields  could  be  routinely  predicted  with  any 
degree  of  accuracy  just  13  short  years  later.  (Of  course, 
turbulence  modelers  should  receive  only  part  of  the  credit; 
magnificent  advances  in  numerical  methods,  such  as  those  of 
MacCoimack,'*  have  played  a  very  important  role,  to  say  the 
least!)  On  the  other  hand,  although  such  predictions  can  be 
routinely  made,  obtaining  results  consistent  with  measure¬ 
ments  is  not  nearly  as  routine.  Far  worse,  it  was  not  even  clear 
from  the  results  prevented  at  the  second  Stanford  conference 
that  effects  of  an  adverse  pressure  gradient  on  the  turbulent 
boundary  layer  could  be  predicted  any  more  accurately  than  in 
1968.  Clearly,  progress  in  turbulence  modeling  has  been  a  bit 
uneven. 

In  light  of  this  situation,  this  study  was  initiated  by  taking 
a  modest  step  backward  to  review  and  assess  the  original 
closure  approxime  ons  for  the  class  of  turbulence  models 
known  as  two-equation  models,  that  is,  closure  being  accom¬ 
plished  using  the  long  time  averaged  Navier-Stokes  equations 
and  two  additional  differential  equations.  The  rationale  for 
starting  at  what  would  seem  to  be  a  very  elementary  level 
stems  from  a  key  observation  made  at  the  second  Stanford 
conference  the  greatest  amount  of  uncertainty  and  contro¬ 
versy  over  two-equation  and  higher-order  models  lies  in  the 
scale-determining  equation  It  is  even  unclear  what  the 
optimum  choice  of  dependent  variables  is  fur  a  two-equation 
model.  As  a  result  of  this  study,  we  feel  we  have  found  the 
optimum  choice  and,  based  on  this  choi>.e,  we  have  postulated 
a  new  two-equation  turbulence  model. 

Section  11  summarizes  the  new  model,  including  arguments 
that  set  values  of  all  but  two  of  the  closure  coefficients 
appearing  in  the  postulated  equations.  Section  111  presents 
results  of  a  perturbation  analysis  of  the  incompressible  defect 
layer,  including  effects  of  pressure  gradient.  Predictions  of  the 
new  model  are  compared  with  those  of  the  Jones-Launder’ 
and  the  Wilcox-Rubesin'®  models.  Section  IV  uses  perturba¬ 
tion  methods  to  analyze  the  viscous  sublayer,  including  effects 
of  surface  roughness  and  surface  mass  injection.  Section  V 
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includes  results  of  attached  boundary-layer  computations  for 
boundary  layers  subjected  to  adverse  pressure  gradient, 
surface  mass  injection  and  compressibility,  and  free  shear 
flows. 


where,  by  detinition,  the  mean  strain-rate  tensor  S,j  ii 


1  du,  ^  du, 

2  bXj  dx,. 


(8) 


II.  Equations  of  Motion 

This  section  states  the  postulated  equations  of  motion, 
including  established  values  of  all  closure  coefficients.  Physi¬ 
cal  interpretations  of  turbulence  field  properties  are  given  and, 
additionally,  arguments  are  presented  that  have  been  used  in 
setting  values  of  several  of  the  closure  coefficie.nts. 


We  invoke  the  Boussinesq  approximation  that  the  Reynolds 
stress  tensor  is  proportional  to  the  mean  strain-rate  tensor, 
that  IS, 


A.  Postulated  Equations 

For  general  compressible  turbulent  fluid  flows,  the  turbu¬ 
lence  model  equations  are  written  in  terms  of  Favre'^  mass- 
averaged  quantities  as  follows. 


Finally,  ihe  heat  flux  vector  is  approximated  as 


Qj 


pt_\  ^ 

Pry)  dXj 


(10) 


Mass  conservation: 


dp  d 


Momentum  conservation: 

0  3  dp  dr,, 


where  Pr^  and  Prj-  are  the  laminar  and  turbulent  Prandtl 
numbers,  respectively. 

Several  closure  coefficients,  namely,  d,  d*,  y,  y’,  a,  and  o*, 

(1)  appear  in  Eqs.  (1-10).  A  key  objective  of  this  study  has  been 
to  review  typical  arguments  used  in  establishing  values  of  such 
coefficients  in  a  model  of  this  type.  In  the  next  subsection  and 
in  later  sections,  the  arguments  are  presented.  The  values  are 
summarized  in  the  following  equations: 

(2) 

d  =  3/40.  d*  =  9/100,  ,  =  5/9,  7’  =  1 , 


Mean  energy  conservation: 


o  =  1/2,  o*  =  1/2 


(11) 


|,(p£)  +  ^(pu/f)  =  ^ 


dt 


dx, 


U,T„+{p  +  a‘pT)j^-</, 


(3) 


Turbulent  mixing  energy; 

|(p*)  +  ^(puy*)  =  r„g-d-pw* 


d 

^dx, 


(4) 


Specific  dissipation  rate; 

^(pu.).^±(puyu,)  =  (7u./*)r„|^ 


(jj  +  apr) 


du 


(5) 


where  i  is  time,  x,  position  vector,  u,  velocity  vector,  p  density, 
p  pressure,  p  molecular  viscosity,  r,,  the  sum  of  the  molecular 
and  Reynolds  stress  tensors,  and  q,  the  sum  of  the  molecular 
and  turbulent  heat  flux  vectors.  In  Eq.  (3),  the  quantities 
E  e  k  f  ii,u,/2  and  W  =  )i  +  ^  +  u,u,/2  are  total  energy 
and  enthalpy,  respectively,  with  h  =  e  -t  p/p;  e  and  h  denote 
internal  energy  and  enthalpy.  Additionally,  r,,  is  the  Reynolds 
stress  tensor.  The  turbulent  mixing  energy  k  and  the  specific 
dissipation  rate  u  are  needed  to  define  the  eddy  viscosity  pj, 
which  is  given  by 


Before  proceeding  to  further  discussion  of  the  closure 
coefficients,  it  is  worthwhile  to  pause  and  discuss  the  form  of 
the  model  equations  and  the  physical  meanings  of  the 
quantities  k  and  w.  As  in  other  two-equation  models  of 
turbulence,  the  quantity  k  represents  a  measure  of  the  kinetic 
energy  of  the  turbulence.  Whether  k  is  specifically  identified 
as  being  the  exact  kinetic  energy  of  the  turbulence  or, 
alternatively,  the  kinetic  energy  of  the  fluctuations  in  the 
direction  of  shear''  is  not  critically  important.  All  we  require 
on  physical  grounds  is  that  k  be  proportional  to  the  square  of 
the  velocity  at  which  local  turbulent  mixing  occurs.  The 
second  quantity  introduced  in  the  model,  w,  is  referred  to  as 
the  specific  dissipation  rate.  Its  dimensions  are  inversely 
proportional  to  time,  and  it  is,  in  fact,  the  same  variable  used 
by  this  author  in  all  prior  turbulence  modeling  studies. 
Perhaps  the  simplest  physical  interpretation  of  u  is  that  it  is 
the  ratio  of  the  turbulent  dissipation  rate  t  to  the  turbulent 
mixing  energy.  Alternatively,  u  is  the  rate  of  dissipation  of 
turbulence  per  unit  energy. 

As  IS  obvious  from  inspection  of  Eq.  (4),  the  equation  for  k 
is  modeled  directly  after  the  exact,  long-time-averaged  equa¬ 
tion  for  the  turbulent  kinetic  energy.  On  this  point,  the  model 
is  consistent  with  virtually  all  other  two-equation  models.  The 
second  of  the  two  model  equations  is  similar  in  form  to  the 
equation  for  k .  Although  it  adds  no  rigor  to  the  approach,  the 
equation  for  u  can  be  regarded  as  the  modeled  form  of  the 
equation  that  would  result  from  1)  writing  the  exact  equations 
for  turbulent  kinetic  energy  and  dissipation  rate  and  2)  making 
the  formal  change  of  dependent  variables  defined  by 


Mr 


■y* 


u 


The  total  viscous  stress  tensor  is  given  by 


r,,  -  2|i  Sj,  —  - 


I  dUi 


3  Ox* 


The  primary  difference  between  the  model  postulated  in  this 
study  and  the  models  in  this  author’s  prior  research  is  the  form 
of  the  equation  for  w.  Most  notably,  past  studies  have  written 
the  equation  in  terms  of  the  square  of  u.  Interestingly,  the  first 
two-equation  model  in  which  the  variables  k  and  u  were  used 
was  postulated  by  Kolmogorov,'*  and  his  equation  for  u  was 
written  in  terms  of  u  rather  than  The  reason  for  our  choice 
will  become  quite  clear  in  Sec.  Ill,  where  we  analyze 
model-predicted  structure  of  the  defect  layer. 
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B.  Estiblishing  Closure  Coefficieni  Values 

In  this  subsection,  we  present  straightforward  arguments 
from  which  values  of  the  four  closure  coefficients  0,  0’,  y, 
and  7*  can  be  established.  A  review  of  the  arguments  generally 
presented  by  turbulence  model  researchers  indicates  that  the 
following  are  as  physically  sound  as  possible  within  the 
context  of  two-equation  turbulence  models. 

Considering  first  the  coefficient  y*.  we  rewrite  Eqs.  (1-10) 
in  terms  of  the  quantity  lo/y*.  Inspection  of  the  resulting 
equations  shows  that  this  rescaling  of  u-  is  equivalent  to  setting 
~  i  Hence  with  no  loss  of  generality,  we  conclude  that  the 
value  of  7*  is  indeed  unity. 

Next,  we  turn  to  the  ratio  of  0  to  0’.  For  decaying 
homogeneous,  isotropic  turbulence,  Eqs.  (4)  and  (5)  simplify 
10 

d/t  dui 

~=-0'i^k  and  ^  -  0u^  (13) 

d/  at 

from  which  the  asymptotic  solution  for  k  is  readily  found  to 
be 

(14) 

Experimental  observations  indicate  that  A  -  /  ■*’  ’  for  decay¬ 
ing,  homogeneous,  isotropic  turbulence,  which  implies  that 
0'/0  =  6/5. 

Values  for  the  coefficients  7  and  0'  can  be  established  by 
examining  the  so-called  "wall  layer."  The  wall  layer  is  defined 
as  the  portion  of  the  boundary  layer  far  enough  from  the 
surface  to  render  molecular  viscosity  negligible  relative  to 
eddy  viscosity,  yet  close  enough  for  convective  effects  to  be 
negligible  relative  to  the  rate  at  which  the  turbulence  is  being 
created  and  destroyed.  In  the  limiting  case  of  an  incompress¬ 
ible  constant-pressure  boundary  layer,  defining  vj-  = 

Eqs.  (1-10)  simplify  to 


In  summary,  the  arguments  presented  in  this  subsection  are 
sufficient  to  uniquely  set  the  values  of  7*,  0',  and  0.  Also, 
Eq.(17)  determines  7  in  terms  of  the  as-yet  undetermined 
value  of  0  a  by-product  of  analysis  in  the  next  section,  the 
values  of  0  and  a’  will  be  established. 

III.  Defect-Layer  Analysis 

In  this  section,  we  use  singular  perturbation  methods  to 
analyze  model  predicted  structure  of  the  classical  defect  layer. 
The  analysis  presented  is  a  generalization  of  that  done  by 
Wilcox  and  Traci.’  In  contrast  to  the  Wilcox  and  Traci 
analysis,  effects  of  pressure  gradient  have  been  included. 
Additionally,  the  analysis  has  been  done  for  three  turbulence 
models,  the  model  postulated  in  Eqs.  (1-10),  the  Wilcox- 
Rubesin'“  model,  and  the  Jones-Launder’  model.  First,  we 
review  details  of  the  perturbation  solution  procedure.  Next, 
we  compare  solutions  for  the  three  models  in  the  absence  of 
pressure  gradient.  Then,  effects  of  pressure  gradient  are 
studied  for  the  three  models.  Finally,  we  justify  the  values 
chosen  for  0  and  o'. 

A.  Perturbation  Solution 

In  the  past,  the  only  detailed  analyses  of  the  defect  layer  for 
any  turbulence  mode?  have  been  those  of  Bush  and  FendelP’ 
(for  the  mixing-lenth  model)  and  Wilcox  and  Traci  (for  a  k-u^ 
model).  In  neither  case  were  effects  of  pressure  gradient 
delineated.  In  this  section,  we  extend  the  Wilcox-Traci 
analysis  to  include  presssure  gradient. 

To  study  the  defect  layer,  we  confine  our  analysis  to 
incompressible  flow  and  we  seek  a  perturbation  solution.  The 
expansion  proceeds  in  terms  of  the  ratio  of  friction  velocity  to 
the  boundary-layer-edge  velocity  u,/U,  and  the  dimensionless 
vertical  coordinate  ij.  defined  by 


where  6*  is  displacement  thickness.  For  the  sake  of  brevity,  we 
confine  details  of  the  expansion  procedure  to  the  Appendix.  It 
is  instructive  to  note  that  the  velocity  is  given  by 


which,  to  order  u,/  U,,  can  be  rewritten  as 


We  seek  the  conditions  under  which  these  simpliFied 
equations  yield  a  solution  consistent  with  the  law  of  the  wall, 
i.e.,  velocity  varying  linearly  with  the  logarithm  of  distance 
from  the  surface.  As  can  easily  be  verified,  Eqs.  (15)  possess 
a  solution  consistent  with  the  law  of  the  wall,  namely. 


u 


u, 

(V'^xy) 


(16) 


u,  u, 


(20) 


The  coordinates  appearing  in  Eq.  (20)  are  the  classical 
defect-layer  coordinates.  Additionally,  it  is  important  to  note 
that  pressure  gradient  appears  in  the  equations  of  motion  in 
dimensionless  form  as 


dr  =  6’(dp/(U)/r, 


(21) 


where  u,  is  the  conventional  friction  velocity  and  x  is  von 
Kerman’s  constant.  There  is  one  constraint  imposed  in  the 
solution  to  Eqs.  (15):  a  unique  relation  exists  between  the 
implied  value  of  von  Kdrman’s  constant  and  the  various  clo¬ 
sure  coefficients.  Specifically,  the  following  equation  must 
hold. 


where  r,  is  the  surface  shear  stress.  Coles  and  Hirst*  refer  to 
0J-  as  the  equilibrium  parameter. 

In  order  to  solve  the  defect-layer  equations,  we  have  used  an 
improved  version  of  the  implicit  time  marching  program 
developed  by  Wilcox  and  Traci.  That  is,  we  add  unsteady 
terms  to  each  of  the  equations  of  motion,  make  an  educated 
guess  at  the  solution,  and  integrate  over  time  until  the  solution 
displays  negligible  temporal  variation. 


Additionally,  note  that  the  Reynolds  shear  stress  r  is  constant 
in  the  wall  layer  and  is  equal  to  u}.  Inspection  of  Eq.  (16) 
shows  that  this  implies  t  A  =\'^  in  the  wall  layer.  A  variety 
of  experimental  measurements"  indi..dte  that  the  ratio  of  r  to 
A  is  about  3 ' 10  in  the  wall  layer  Thus,  the  predicted  wall-layer 
solution  IS  consistent  with  experimental  observations,  pro¬ 
vided  0'  =9/100. 


B.  Flal-Plaie  Boundary  Layer 

Figure  la  compares  numerical  predictions  of  the  three 
models  with  corresponding  experimenial  data  of  NVieghardt  as 
tabulated  by  Coles  and  Hirst.*  (.Note  that,  in  the  new-model 
computation,  we  use  0  =  a*  -  .,  we  defer  any  further  dis¬ 
cussion  of  the  appropriate  values  to  Sec.  HID.)  The  expert- 
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mental  data  presented  are  those  at  the  highest  Reynolds 
number  for  which  data  are  reported.  This  is  consistent  with 
the  defect-layer  solution  that  is  formally  valid  for  very  large 
Reynolds  number.  Numerical  results  are  shown  for  three 
models:  the  new  model,  the  Wilcox-Rubesin 
model,  and  ihe  Jones-Launder  (k-t)  model. 

As  shown,  all  three  models  predict  velocity  profiles  that 
differ  from  measured  values  by  no  more  than  about  3%  of 
scale.  Interestingly,  the  new  model  shows  the  smallest 
differences  from  the  Wieghardt  data.  Additionally,  skin 
friction  Cf  can  be  inferred  from  the  defect-layer  solution  (see 
Appendix).  Corresponding  computed  and  measured  values  are 
summarized  m  the  insert  on  Fig.  la,  the  largest  difference  is 
less  than  iVo.  Thus,  based  on  analysis  of  the  constant-pressure 
defect  layer,  there  is  little  difference  among  the  three  models. 


C.  Effects  of  Pressure  Gradient 

Turning  now  to  the  effect  of  pressure  gradient,  we  have 
computed  defect-layer  solutions  for  the  equilibrium  parameter 
St,  ranging  from  -0.5  to  -(■9.0,  where  positive  Sr  corre¬ 
sponds  to  an  adverse  pressure  gradient.  The  choice  of  this 
range  of  0t  has  been  dictated  by  the  requirement  of  the 
perturbation  solution  that  St  he  constant.  This  is  as  wide  a 
range  as  we  have  been  able  to  find  for  which  experimental  data 
have  been  taken  with  St  niore  or  less  constant. 

Figure  Ic  compares  computed  wake  strength  if  with  values 
inferred  by  Coles  and  Hirst*  from  experimental  data.  For  the 
sake  of  clarity,  note  that  the  wake  strength  appears  in  Coles’ 
composite  law-of-the-wall/wake  profile. 


«  1  , 
—  =  -  t« 
U,  K 


+  B  +  —  sin* 

K 


2  6 


(22) 


Inspection  of  Fig.  Ic  reveals  provocative  diflerences  among 
the  three  models.  Most  notably,  the  new  model  ytelds  wake 


strengths  closest  to  values  inferred  from  data  over  the 
complete  range  considered.  Consistent  with  predictions  of 
Chambers  and  Wilcox,'’  the  Jones-Launder  model  exhibits 
the  largest  differences,  with  predicted  wake  strength  SO-lOOiyo 
lower  than  inferred  values  when  St  is  as  small  as  2! 

Figure  lb  compares  computed  velocity  profiles  with  experi¬ 
mental  data  of  Clauser*  for  St  =  8.7.  As  with  the  constant- 
pressure  case,  computed  and  measured  skin  friction  are 
included  in  the  insert.  Consistent  with  the  wake-strength 
predictions,  the  new  model  yields  a  velocity  profile  and  skin 
friction  closest  to  measurements,  whereas  the  Jones-Launder 
model  shows  the  greatest  differences.  The  Wilcox-Rubesin 
profile  and  skin  friction  he  about  midway  between  those  of  the 
other  two  models. 

The  explanation  of  the  Jones-Launder  model’s  poor  perfor¬ 
mance  for  adverse  pressure  gradient  can  be  developed  from 
inspection  of  the  asymptotic  behavior  of  solutions  as  >)  — 0. 
For  the  three  models  tested,  the  velocity  behaves  as 

(U,  -  u)/u,  -  -  X  ■  'tni)  -I-  /I  -  SiCritKi)  -I- ...  as  I)— 0  (23) 

where  Table  i  summarizes  the  constants  A  and  C.  Note  that 
while  the  coefficient  A  is  determined  as  part  of  the  solution 
(from  the  integral  constraint  that  mass  be  conserved),  the 
coefficient  C  follows  directly  from  the  limiting  form  of  the 
solution  as  r;  — 0.  As  seen  from  Table  1,  C  is  largest  for  the 
Jones-Launder  model  and  smallest  for  the  new  model.  The 
presence  of  the  ijOnj  term  gives  rise  to  the  inflection  in  the 
velocity  profile  as  i)-0  that  is  most  pronounced  for  the 
Jones-Launder  model.  In  terms  of  turbulence  propeities,  the 
turbulence  length  scale,  f  =  A  behaves  according  to 


f- (3*  "xi)!!  ■(  d/J-i;!’"')  +  ...)  as  i)-0  (24) 

Table  1  also  includes  the  coefficient  L  for  each  model.  Again, 
we  see  that  the  iji’ni)  term  is  largest  for  the  Jones-Launder 
model  and  smallest  for  the  new  model.  Thus,  in  the  presence 
of  adverse  pressure  gradient,  the  Jones-Launder  turbulence 
length  scale  tends  to  be  too  large  in  the  near-wall  regton.  Note, 
of  course,  that  this  shortcoming  is  not  evident  in  the 
constant-pressure  case,  which  has  -  (^' 

The  manner  in  w  hich  the  new  model  achieves  smaller  values 
of  (than  the  Jones-Launder  model  can  be  seen  by  changing 
dependent  variables.  That  is,  starting  with  the  k’-ie  formula¬ 
tion,  defining  r  e  S'^k  and  vj  s.  k  ai,  we  can  deduce  the 
following  incompressible  equation  for  t  implied  by  the  new 
model: 


-y- 

JV  k 


d  d(  ^  dk  ld(,,k) 


(25) 


c)  VanaiioD  of  wake  strength  with  pressure  gradient 

Kig.  I  Companson  of  computed  and  measured  defect-layer  proper¬ 
ties:  - ktx  model; - k-u‘  model; - A-<  model. 


All  terms  except  the  last  one  on  the  right-hand  side  of  Eq.  (25) 
are  identical  in  form  to  those  of  the  Jones-Launder  model  (see 
Appendix).  The  last  term  is  negligibly  small  as  tj-O  for 
constant-pressure  boundary  layers  because  A  — constant  as 
I)— 0.  However,  dk^dv  is  nonvanishing  when  Sr^O  and 
6(«/A)/6>' generally  is  quite  large  as  t|-0.  The  net  effect  of  this 
additional  term  is  to  suppress  the  rate  of  increase  of  ( close  to 
the  surface. 


Table  I  Summary  of  coefficients  4,  C,  and  L 
in  Eqs.  (23)  and  (24)  for  dr  =  () 


Model 

A 

C 

L 

New 

13  1 

10  6 

-  19  8 

Wilcox-Rubesin 

9  8 

23  4 

-32  6 

Jones-Launder 

5  4 

54  8 

-61  1 
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As  a  final  comment,  note  that  all  of  the  computations  have 
used  the  model-predicted  behavior  (e.g.,  Eqs.  (23)  and  (24)]  as 
“wall-function”  type  of  boundary  conditions  for  »;-0.  Using 
other  empirical  wall  functions  presumably  would  improve  the 
Jones-Launder  predictions.  However,  the  asymptotic  behav¬ 
ior  (e.g.,  inflected  velocity  profile)  inherent  in  the  model 
ultimately  must  prevail  at  high  Reynolds  number  if  the  point 
of  application  of  the  wall  functions  remains  constant  at,  say, 
y*  =80.  To  understand  this  point,  one  need  only  note  that, 
by  definition,  tj  is  related  to  y  *  by 


(U,6V..) 


(26) 


Hence,  suppressing  the  asymptotic  behavior  inherent  in  the 
model  requires  using  wall  functions  to  increasingly  larger 
values  of  y  *  as  Reynolds  number  increases. 


D.  Establishing  Closure  Coefficient  Values 

Unlike  the  four  closure  coefficients  discussed  in  Sec.  IIB,  we 
have  been  unable  to  find  satisfactory  arguments  to  establish 
the  values  of  o  and  o'  before  performing  any  numer¬ 
ical  computations.  However,  we  have  found  from  numerical 
experimentation  that  the  computed  variation  of  ir  with  Sr 
(Fig.  Ic)  seems  to  match  experimental  results  most  faithfully 
when  we  use  o  =  o'  =  Effects  of  departures  from  this  pair 
of  values  are  so  pronounced,  in  fact,  that  our  compulations 
seem  to  indicate  that  a  =  o'  =  'A  represents  a  saddle  point  in 
closure-coefficient  space!  Thus,  we  conclude  that  o  and  o'  are 
equal  and  that  the  most  appropriate  value  is  '/). 

IV.  Sublayer  Analysis 

In  order  to  facilitate  integration  of  the  model  equations 
through  the  viscous  sublayer,  we  must,  at  a  minimum,  have 
molecular  diffusion  terms  in  the  equations  of  motion. 
Potentially,  vse  might  also  have  to  allow  the  various  closure 
coefficients  to  be  functions  of  viscosity  as  well.  In  ihis  section, 
we  use  perturbation  methods  to  analyze  viscous  sublayer 
structure  predicted  by  the  new  model,  including  effects  of 
surface  roughness  and  surface  mass  injection.  Note  that  we 
confine  our  analysis  to  the  new  model  because  results  of 
Sec  111  indicate  that  it  is  superior  to  the  other  models 
considered. 


Fig.  2  Comparison  of  computed  and  measured  sublayer  properties 
for  a  perfectly  smooth  surface. 


The  final  condition  is  similar  to  that  deduced  in  earlier 
studies,*  '*  where  we  have  found  that,  for  perfectly  smooth 
surfaces,  molecular  diffusion  and  dissipation  balance  in 
Eq.  (29),  and  this  leads  to 


A.  Perturbation  Solution 

Considering  the  incompressible  constant-pressure  case, 
convective  terms  are  negligible  in  the  sublayer;  thus,  the 
equations  of  motion  for  the  new  model  (with  molecular 
diffusion  included)  simplify  to 


u;  =  (.  +  n)  Yy 


0  =  vr  T 
i.dy 

_dy 


0  =  7 


-  S'<^k  + 

—  -r 


dy 

d 


dy 


dk 

(v+  o*vr)^ 

,  .  dv' 

(v.a..y)~j 


(27) 

(28) 
(29) 


Five  boundary  conditions  are  needed  for  this  fifth-order 
system,  two  of  which  follow  from  matching  to  the  law  ol  the 
wall  as  y  ’  —  oo; 

k  —  -%z  and  w - == — asy’— oo  (30) 

v/3’  (v'^Ky) 

where  y'  Bu,yiv.  Two  more  boundary  conditions  follow 
from  "no  slip"  at  the  surface,  which  implies  that  u  and  k 
vanish  at  y  =  0.  Thus, 


as  y~0 


(32) 


More  general  boundary  conditions  for  rough  surfaces  and  for 
surfaces  with  mass  injection  will  be  devised  in  Secs.  IVB  and 
IVC.  For  now,  we  focus  on  the  perfectly  smooth  surface. 

As  part  of  the  solution  to  Eqs.  (27-32),  we  obtain  the 
constant  in  the  law  of  the  wall,  B,  where  the  velocity, 
u  '  m  u/u„  asymptotes  to 


u  ’  —  t'r,y  ’  ■+  B  as  y  '  —  oo 

A 


(33) 


As  with  the  defect  layer,  we  solve  the  sublayer  equations  by 
I)  adding  unsteady  terms  to  the  left-hand  sides  of  Eqs.  (28) 
and  (29),  2)  making  an  initial  guess  at  the  solution,  and 
3)  using  an  implicit,  time-marching,  second-order-accurate 
program  to  generate  the  long-time  sriution  in  which  the 
unsteady  terms  tend  to  zero.  The  velocity  is  computed  at  each 
lime  step  using  the  fourth-order  Runge-Kuita  method.  The 
program  used  is  an  improved  version  of  that  developed  in  the 
study  by  Wilcox  and  Traci.’ 

Using  this  program,  we  find  that  Eqs.  (27-32)  predict  the 
smooth-wall  value  of  B  a.v 


:  lim 
>  -  -« 


1 


u  =  k  =  0  at 


y  =0 


(31) 


=  5.1 


(34) 
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That  this  value  is  well  within  the  scatter  of  measured  values  of 
B  strongly  suggests  that  no  further  viscous  modifications  are 
needed. 

Figure  2a  compares  computed  and  measured’  '*  '’  sublayer 
velocity  profiles.  As  shown,  computed  velocities  generally  fall 
within  experimental  data  scatter.  In  Fig.  2b,  we  compare 
computed  and  measured'*  turbulence  production  and  dissipa¬ 
tion  terms.  Again,  predictions  fail  well  within  experimental 
error  bounds. 

Perhaps  the  only  deficiency  of  predicted  smooth-surface 
sublayer  structure  is  that,  very  near  the  surface,  the  mode! 
predicts 

k  -y^'^  as  y-'O  (35) 

By  contrast,  the  Wilcox-Rubesin  model  predicts  that  k  ~  y*, 
which  suggests  that  k  a  point  this  researcher  has 

made’  as  a  more  plausible  interpretation  than  saying  that  k  is 
the  kinetic  energy  of  the  turbulence.  By  letting  the  closure 
coefficient  increase  as  a  function  of  turbulent  Reynolds 
number,  RCf  i  k/(uv),  it  is  possible  to  force  either  k  ~y*  oi 
k  ~ but  then  we  find  that  to  recover  B  =  5,  at  least  two 
other  closure  coefficients  must  vary  with  Re^.  Such  additional 
complexity  is  pointless  in  light  of  Fig.  2. 


Figure  3  shows  the  computed  value  of  B  for  a  wide  range  of 
values  of  S^.  As  shown,  in  the  limit  S«-oo,  B  tends  to  5.1.  In 
the  limit  S«-0,  an  excellent  correlation  of  the  numerical 
predictions  is  given  by 

+  as  S«-0  (37) 

By  experimental  means,  as  summarized  by  Schlichting,^' 
Nikuradse  found  that  for  flow  over  very  rough  surfaces, 

fl,8.5  +  U>  ,  ki=^  (38) 

K  Kg  y 

where  kg  is  the  average  height  of  sand-grain  •^oughness  ele¬ 
ments.  (Note  that,  in  our  computations,  we  use  x  =  0.41, 
whereas  Nikuradse  us;d  x  =  0.40.)  Thus,  if  we  make  the  corre¬ 
lation 

=  ki>>\  (39) 

then  Eqs.  (37)  and  (38)  are  nearly  identical.  T igure  4  compares 
computed  velocity  profiles  with  the  analytical  fit  obtained  by 
using  Eqs.  (37)  and  (38)  in  the  law  of  the  wall,  that  is. 


B.  Rough-W*li  Analysis 

A  key  advantage  of  the  k-w‘  and  k-u  formulations  over  the 
k-(  formulation  is  the  fact  that  u-orienied  equations  possess 
solutions  in  sshich  the  value  of  w  may  be  arbitrarily  specified 
at  the  surface,'’  This  is  an  advantage  because  it  provides  a 
natural  way  to  incorporate  effects  of  surface  roughness 
through  surface  boundary  conditions.  This  feature  of  the 
equations  was  originally  recognized  by  Saffman.’" 

If  we  now  rewrite  the  surface  boundary  condition  (Eq  (32)1 
on  ui  as 


u} 

^  =  jSg  at  >>  =  0  (36) 

we  can  generate  sublayer  solutions  for  arbitrary  Sg,  including 
the  limiting  cases  S«-0  and  S/«-oo, 


1  y 

u'  =  -  &,  f-  -1-  8.4  (40) 

X  kg 

for  three  of  the  computations.  The  correlation  is  nearly  exact 
The  most  remarkable  fact  about  this  correlation  is  that 
Eq.  (40)  IS  the  form  the  law  of  the  wall  assumes  for  flow  over 
“completely  rough”  surfaces,  includmg  the  value  of  the 
additive  constant  (8.4  and  8.5  differ  by  l'7o). 

By  making  a  qualitative  argument  based  on  flow  over  a 
wavy  wall,  Wilcox  and  Chambers”  have  shown  that,  for  small 
roughness  heights,  we  should  expect  to  have 

5x--(7Vy  as  ki-0  (41) 

*  K 


Comparison  with  Nikuradse’s  data  shows  that  the  following 
correlation  between  Sg  and  k  g  will  reproduce  measured 
effects  of  sand-grain  roughness  for  values  of  k  g  up  to 
about  4(X). 


I 


kk  <25 
k'g  a  25 


(42) 


Fig.  3  Computed  variation  of  the  coostani  in  the  law  of  the  wall,  B,  Fig.  4  Comparison  of  computed  and  measured  sublayer  velocity 
with  the  surface  value  of  the  specific  dissipation  rate.  profiles  for  "compleiel)  rougn"  surfaces 
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C.  Effects  of  Surface  Mass  inJeciSn 
For  boundary  layers  with  surface  mass  injection,  the 
introduction  of  an  additional  velocity  scale  (Uh.  =  normal  flow 
velocity  at  the  surface)  suggests  that  the  scaling  for  u  at  the 
surface  may  differ  from  Eq.  (36),  Andersen  et  al.”  provide 
further  evidence  that  the  specific-dissipation-rate  Loundary 
condition  must  be  revised  when  mass  injection  is  present  by 
showing,  from  correlation  of  their  experimental  data,  that 
both  K  and  B  are  functions  of  i>»  ’  =  v^/u,.  Because  our 
rough-surface  computations  of  the  preceding  subsection  show 
that  the  value  of  B  is  strongly  affected  by  the  surface  value  o*' 
the  specific  dissipation  rate,  this  suggests  that  the  surface 
value  of  (ji  will  depend  in  some  manner  on  u,..  Examination  of 
the  limiting  form  of  the  model  equations  for  y  ’  -oo  (i.e.,  me 
"wall-layer"  in  Sec.  IIB)  shows  immediately  that  the  effective 
von  Karman  “constant”  varies  with  according  to 

X 


where  Z  is  given  by 

Z  =  .3.11  +0.616,>'* 

The  variation  of  i  predicted  in  Eqs.  (43)  and  (44)  is  consistent 
with  the  data  of  Andersen  et  al.  Including  appropriate 
convective  terms  in  Eqs.  (37-29),  we  have  performed  sublayer 
computations  for  the  cases  experimentally  documented  by 
Andersen  et  al.  In  each  case,  the  surface  value  of  u  has  been 
given  by 


(43) 

t44) 


u.'  =  S,  at  y  =  0  (45) 

and  the  value  of  has  been  varied  until  optimum  agreement 
between  measured  and  computed  velocity  profiles  is  achieved. 
The  final  correlation  between  Sg  and  u  »  is  given  in  analytical 
form  as 


Sg 


20 

u;(l  r5u;) 


(46) 


Figure  5  displays  the  level  of  agreement  between  theory  and 
experiment  using  Eqs.  (45)  and  (46).  This  concludes  our 
formulation  of  the  new  turbulence  model  and  attending 
surface  boundary  conditions. 


Fig.  S  Comparison  of  computed  and  measured  subiayer  velocity 
profiles  for  boundary  layers  with  surface  mass  injection. 


V.  Numerical  Applications 

The  purpose  of  this  section  is  to  apply  the  new  model  to 
several  well-documented  turbulent  boundary  layers,  including 
effects  of  adverse  pressure  gradient,  surface  mass  injection, 
and  compressibility,  and  to  free  shear  flows.  All  boundary- 
layer  computations  have  been  done  with  a  second-order-accu¬ 
rate  boundary-layer  program,  EDDYBL,-’  based  on  the 
Blottner^*  variable-grid  method  and  the  algoarithm  developed 
by  Wilcox^’  to  permit  large  streamwise  steps.  The  free  shear 
flow  computations  have  been  done  with  the  same  numerical 
procedure  implemented  to  solve  the  sublayer  equations  in 
Sec.  IV. 


A.  Boundary  Conditions 

For  boundary-layer  computations,  we  must  specify 
boundary  conditions  at  the  surface  (y  -0)  and  at  the  edge  of 
the  layer  0  =  5)-  At  the  surface,  we  impose  the  no-slip 
condition,  which  gives  the  following: 

u  -  k  =  0  at  y  =  0  (47) 


For  compressible  flows,  we  specify  either  surface  temperature 
r*  or  surface  heat  flux  so  that  the  enthalpy  boundary 
condition  for  a  caloricully  perfect  gas  becomes 


-  PnCi,Qw 


at  y  =  0 


(48) 


where  Cp  is  specific  heat  at  constant  pressure  and  subscript  w 
denotes  surface  (>  =  0)  value.  For  the  compressible  flow 


Fig.  6  Comparison  of  computed  and  measured  skin-frktion  and 
velocity  profiles  for  incompressible  boundary  layers:  —  fi-w  model; 
- kn  model;  o  measured. 
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computations  of  Sec.  VB,  we  assume  that  our  fluid  is  air  so 
that  Pri  =  0.72,  and  the  value  used  for  Pr^  is  8/9.  Finally,  for 
perfectly  smooth  surfaces  with  no  surface  mass  injection,  we 
require  that 

u=0  and  u— ^  as  y-^O  (no  mass  injection)  (49) 

For  the  computation  with  surface  mass  injection  (Sec.  VB), 
the  surface  conditions  satisfied  by  v  and  w  are  given  by 

V  =  and  w  =  —  S,  at  >•  =  0  (with  mass  injection)  (50) 

where  tne  dimeiirionless  coefficient  S,  is  defined  in  terms  of 
the  blowing  rate  parameter  u;  =  by  Eq.  (46). 

The  manner  in  which  the  surface  boundary  condition  on  w 
is  implemented  when  mass  addition  is  present  is  straightfor¬ 
ward.  For  the  perfectly  smooth  surface,  the  method  used  is 
less  obvious  and  requires  special  care.  As  indicated  in  Eq.  (49), 
we  must  make  sure  w  approaches  the  correct  asymptotic  form 
as  y-0.  If  proper  care  is  not  taken,  the  near-wall  velocity 
profile  is  distorted  which,  in  turn,  distorts  the  entire  boundary 
layer.  Note  that  the  singular  behavior  of  w  is  consistent  with 
the  physics  of  turbulence,  which  dictates  that  there  are  rapidly 
decaying  small  eddies  close  to  solid  boundaries.  Thi^  means 
that  the  time  scale  for  decay,  proportional  to  the  reciprocal  of 
«,  must  approach  0  as  >’-0. 

In  order  to  achieve  the  proper  limiting  form,  the  boundary- 
layer  program  uses  Eq.  (49)  for  all  points  up  to 
=  2.5  rather  than  attempting  to  solve  the  differential  equation 
for  u)  directly.  This  procedure  is  very  accurate,  provided  the 
mesh  point  closest  to  the  surface  lies  below  y'  =  1  and  that  at 
least  5  mesh  points  lie  between  y'  =  0  and  .v  •  =  2.5.  Note 
that  Eq,  (49)  is  the  exact  solution  to  Eq.  (5)  in  the  limit  ’  -0, 
and  using  it  to  define  w  for  the  mesh  points  closest  to  the 
surface  is  done  to  guarantee  numerical  accuracy.  The  proce¬ 
dure  should  not  be  confused  with  the  use  of  wall  functions. 

In  addition  to  specifying  surface  boundary  conditions, 
values  of  the  dependent  variables  must  also  be  specified  at  the 
edge  of  tne  boundary  layer.  Ideally,  we  would  like  to 
implement  “zero-gradient"  boundary  conditions  at  the 
boundary-layer  edge.  Although  such  conditions  are  "clean" 
from  a  theoretical  point  of  view,  they  are  undesirable  from 
a  numerical  point  of  view.  That  is,  the  conditions  we 
have  used  in  past  applications  are  of  the  Neumann  type, 
whereas  “zero-gradient"  conditions  are  of  the  Dirichlet  type. 
Almost  universally,  convergence  of  iterative  numerical 
schemes  (EDDYBL  uses  an  iterative  scheme)  is  much  slower 
with  Dirichlet  conditions  than  with  Neumann  conditions. 

In  order  to  resolve  this  apparent  dilemma,  we  appeal 
directly  to  the  equations  of  motion.  Beyond  the  boundary- 
layer  edge,  we  have  vanishing  normal  gradients,  so  that  the 
equations  for  k  and  w  simplify  to  the  following; 


(51) 

-dw; 

(52) 

where  subscript  e  denotes  the  value  at  the  boundary-layer 
edge.  The  solution  to  Eqs.  (51)  and  (52)  can  be  obtained  by 
simple  quadrature,  independently  of  integrating  the  equations 
of  motion  through  the  boundary  layer.  Once  k,  and  w,  are 
ietermined  from  Eq;  (51)  and  (52),  it  is  then  possible  to 
specify  Neumann-tyr/e  boundary  conditions  that  guarantee 
zero  normal  gradient:. 

B.  Bouadary-Laycr  Applicatioiis 
We  turn  now  to  application  of  the  new  model  equations  to 
a  total  af  four  incompressible  boundary  layers  and  to  the 


compressible  constant-pressure  (flat-plate)  boundary  layer. 
First,  we  apply  the  model  to  the  incompressible  flat-plate  case. 
The  next  two  applications  are  to  boundary  layers  in  an  adverse 
pressure  gradient.  The  final  incompressible  application  is  for 
a  boundary  layer  with  surface  mass  injection.  We  conclude 
with  application  of  the  model  to  the  compressible  flat-plate 
boundary  layer  with  and  without  heat  transfer  for  Mach 
numbers  0-5.  Numerical  details  of  the  computations  are  given 
by  Wilcox. 

Incompressible  Flat-Plaie  Boundary  Layer 

The  first  application  is  for  the  constant-pressure  incom¬ 
pressible  boundary  layer.  Although  this  application  does  not 
provide  a  severe  test  of  the  new  model,  it  is  nevertheless 
necessary  to  be  sure  the  boundary-layer  program  has  been 
coded  properly.  Also,  the  new  model  would  be  of  little  use  as 
a  predictive  tool  if  it  were  inaccurate  for  the  simplest  of  all 
boundary  layers. 

The  computation  begins  at  a  plate-length  Reynolds  number 
Re„  of  1 '  10*  and  continues  to  an  Re,  of  10.9  •  10*.  Figures  6a 
and  6b  compare  computed  and  measured'  skin-friction  and 
velocity  profiles,  respectively.  As  shown  in  Fig.  6a,  computed 
skin  friction  virtually  duplicates  corresponding  measurements 
for  the  entire  range  of  Reynolds  numbers  considered.  Figure 
6b  shows  that  differences  between  computed  and  measured 
velocity  profiles  are  no  more  than  3^»  of  scale  for  the  three 
Reynolds  numbers  indicated.  Thus,  it  comes  as  no  great 
surprise  that  the  new  model  is  quite  accurate  for  the  flat-plate 
boundary  layer.  Skin-friction  results'’  for  the  k-t  model  are 
included  in  Fig.  6a.  Note  that,  as  predicted  in  the  defect-layer 
analysis  of  Sec.  Ill,  computed  Cj  is  about  higher  than 
measured. 

Incompressible  Boundary  Layers  wiih  Adverse  Pressure  Gradient 

We  consider  two  boundary  layers  with  adverse  pressure 
gradient.  The  first  case  has  a  moderate  adverse  pressure 
gradient,  the  experimental  data  being  those  of  Bradshaw^ 
(case  3300).  The  second  cast  has  increasingly  adverse  pressure 
gradient,  the  experimental  data  being  those  of  Samuel  and 
Joubert"  (How  0141). 

For  the  Bradshaw  case,  streamwise  distance  extends  from 
x  =  2.5  to  7.0  ft,  corresponding  to  an  increase  in  Re,  from 
about  2' 10*  to  about  4' 10*.  Figures  6c  and  6d  compare 
computed  and  measured  skin  friction  and  a  velocity  profile. 
Inspection  of  both  graphs  shows  that  differences  between 
theory  and  e.xperiment  nowhere  e.xceed  5*r#  for  this  flow. 
Figure  6c  includes  k-t  results  obtained  by  Chambers  and 
Wilcox;''  computed  C,  exceeds  measured  values  by  as  much 
as  201^0.  Because  the  equilibrium  parameter  for  this 
flow,  the  poor  results  for  the  k-t  model  are  unsurprising. 

In  the  Samuel-Joubert  case,  we  integrate  from  Jr  s  I  to 
3.40  m,  corresponding  to  an  Re,  range  of  about  2- 10*-4. 10*. 
Figures  6e  and  6f  compare  computed  and  measured  skin-fric- 
tion  and  two  velocity  profiles  for  this  flow.  Computed  and 
measured  skin  friction  differ  by  less  than  5<do  of  scale.  Vrlocity 
profiles  at  x'  =  2.87  m  are  within  5'do  whereas  those  at  x  =  3.40 
m  differ  by  no  more  than  9<7o.  Since  exceeds  9  toward  the 
end  of  the  computation,  the  poor  performance’’  of  the  Ar-r 
model  shown  in  Fig.  6e  (computed  Cy  e.xceeds  measured  values 
by  as  much  as  35*^0)  is  again  consistent  with  the  defect-layer 
analysis  of  Sec.  111. 

Incompressible  Boundary  Layer  with  Surface  Mass  Injection 

As  the  final  incompressible  application  of  the  model,  we 
consider  a  boundary  layer  with  surface  mass  injection.  The 
case  considered  was  included  in  the  second  Stanford  confer¬ 
ence'^  (flow  0241),  and  data  for  the  flow  were  taken  b> 
Andersen  et  al.'*  The  surface  mass  injection  rate  f,,  is  0.00375 
U,,  where  U,  is  the  constant  boundary-layer-edge  velocity, 
i.e.,  the  flow  has  constant  pressure.  Figures  6g  and  6h 
compare  computed  and  measured  skin-friction  and  velocity 
profiles,  respectively.  As  shown,  computed  and  measured  skin 
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friction  differ  by  less  than  of  scale  whereas  computed  and 
measured  velocity  profiles  are  within  3*7o  of  each  other. 
Although  this  flow  has  zero  pressure  gradient,  corresponding 
skin  friction  predicted"  by  the  k-t  model  is  as  much  as  S07o 
higher  than  measured,  probably  because  the  wall  functions 
used  by  Rodi  in  this  computation  are  inadequate  for  flows 
with  mass  injection. 


Compressible  Flat-Plate  Boundary  Layers 
In  order  to  test  the  k-u  model  for  effects  of  compressibility, 
we  consider  flows  8101  and  8201  of  the  second  Stanford 
conference."  We  first  consider  the  adiabatic>wall  case  with 
freestream  Mach  number  0-S.  For  each  Mach  number,  com* 
putation  begins  at  an  Re,  of  1 .0- 10^  and  continues  to  the  point 
where  momentum-thickness  Reynolds  number  Ret  is  10,000. 
Figure  7a  compares  the  computed  ratio  of  skin  friction  C/  to 
the  incompressible  value  C/o,  with  the  correlation  developed 
by  Rubesin.  As  shown,  differences  between  computed  ratios 
and  correlated  values  are  barely  noticeable. 

Next,  we  turn  to  effects  to  surface  temperature  on  flat-plate 
skin  friction.  For  this  round  of  computations,  the  freestream 
Mach  number  is  5;  the  ratio  of  surface  temperature  to  the 
adiabatic-wall  value  ranges  from  0.2  to  1.0.  Again,  computa¬ 
tion  begins  at  Re,  =  1.0' 10*  and  terminates  when  Re|S  10,000. 
Figure  7b  compares  the  predicted  ratio  of  C/  to  the  incom¬ 
pressible  value  with  Rubesin's  correlation  for  the  range  of 
surface  temperatures  considered.  Differences  between  pre¬ 
dicted  and  correlated  values  nowhere  exceed 

C.  IncompressIMt  Ire*  Shear  Flows 
The  final  application  is  to  an  incompressible  free  shear 
flow,  specifically,  to  the  mixing  layer.  The  model  equations 
admit  a  similarity  solution  in  which  the  independent  variable 
is  1)3^ /X.  To  solve  the  resulting  equations,  we  have  used  the 
same  time-marching  procedure  implemented  in  the  defect- 
layer  and  sublayer  analyses  of  Secs.  Ill  and  IV.  Complete 
analytical  and  numerical  details  are  given  by  Wilcox.’* 

To  compare  computed  and  measured  spreading  rates,  we 
use  the  definition  given  by  Birch  in  the  second  Stanford 
conference."  Predicted  spreading  rate  is  sensitive  to  the 
freestream  values  of  k  and  w,  so  that  a  range  of  spreading  rates 
between  0.100  and  0.141  is  possible.  This  range  brackets  the 
measured  value  of  0.115. 


VI.  Summary  and  Conclusions 

The  primary  objectives  of  this  study  have  been  accom¬ 
plished:  we  have  made  a  critical  review  of  closure  approxima¬ 
tions  used  in  two-equation  turbulence  models  and  determined 
what  appears  to  be  an  optimum  choice  of  dependent  variables. 
As  a  result,  we  have  developed  a  new  two-equation  model  that 
promises  more  accuracy  for  boundary  layers  in  an  adverse 
pressure  gradient  than  any  similar  model. 

As  in  our  prior  turbulence  modeling  efforts,  we  have  made 
ex'ensive  use  of  perturbation  methods  (Secs.  Ill  and  IV).  In 
contrast  to  prior  studies,  our  analysis  of  the  defect  layer 
includes  pressure  gradient.  As  discussed  in  Sec.  Ill,  limiting 
the  defect-layer  analysis  to  the  constant-pressure  case  displays 
little  difference  among  the  various  two-equation  models  in 
general  usage.  However,  as  soon  as  an  adverse  pressure 
gradient  is  included,  the  models  exhibit  large  differences.  As  a 
general  observation,  the  second  Stanford  conference  demon¬ 
strated  that  modern  turbulence  models  are  not  much  more 
accurate  than  those  in  use  in  1968  if  the  flow  of  concern  is  a 
boundary  layer  in  adverse  pressure  gradient.  The  analysis  of 
Sec.  Ill  indicates  why  this  is  true  and,  with  the  introduction  of 
the  new  model,  offers  the  basis  for  development  of  new 
models  that  are  accurate  for  such  flows. 

The  model  thus  far  has  been  tested  for  the  mixing  layer, 
four  incompressible  boundary  layers,  and  effects  of  compress¬ 
ibility  on  flat-plate  boundary  layers.  These  numerical  applica¬ 
tions  complement  the  perturbation  analysis  predictions  of  this 
paper  and  further  validate  the  claim  that  the  k-ut  model  is 
much  more  accurate  than  comparable  two-equation  models. 
More  testing  is  needed  and  will  be  done  in  future  research 
efforts. 

Additional  development  of  the  model  will  be  needed, 
however,  before  such  tests  can  or  should  be  done.  Most 
importantly,  the  constitutive  relation  between  Reynolds  stress 
and  mean-flow  properties  must  be  revised.  Use  of  the 
Boussinesq  approximation  that  stress  is  proportional  to  strain 
rate  fails  both  to  predict  a.'iisotropy  of  the  normal  stresses  and 
to  account  for  streamline  curvature  effects.  Additionally,  it  is 
not  at  all  clear  that  model  predictions  will  bear  any  relation  to 
physical  reality  for  flows  that  are  unsteady  and/or  include 
boundary-layer  separation. 

Although  important  development  work  remains  to  be  done, 
the  primary  intent  of  this  work  has  been  to  settle  the  issue  of 
the  correct  scale-determining  equation,  and  the  effort  has  been 


•)  Mach  number 


b)  Surface  cooling 


T/T 

‘  *aw 


Fig.  7  Comparison  of  computed  and  meuured  effects  of  freestream  Macb  number  and  surface  cooling  on  flat-plate  boundary-layer  skin  friction. 
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successful.  Now  that  this  step  has  been  accomplished, 
complicating  effects  such  as  anisotropic  shear,  streamline 
curvature,  unsteadiness,  and  separation  can  be  addressed  by 
building  on  the  solid  foundation  offered  by  the  k’U  model 
introduced  in  this  paper. 


Appendi.x:  Defect>Layer  Equations 

In  this  Appendix,  we  present  details  of  the  formal  perturba¬ 
tion  expansion  solution  to  the  defect-layer  equations.  First,  we 
summarize  the  three  turbulence  models  under  consideration. 
Next,  we  outline  the  form  of  the  perturbation  expansions  and 
state  the  equations  for  the  leading-order  terms  in  the 
expansions.  Then,  we  present  boundary  conditions  used  in 
solving  the  defect-layer  equations.  Finally,  we  indicate  the 
manner  in  which  skin  friction  and  wake  strength  can  be 
extracted  from  the  defect-layer  solution. 

TarbitkiKt  Models  Uodcr  CoaiMcratieo 

In  analyzing  the  defect  layer,  we  focus  on  three  turbulence 
models;  the  new  model  postulated  in  Sec.  II,  the  Wilcox- 
Rubesin'**  model,  and  the  Jones-Launder’  model.  For  all  three 
of  the  models,  we  must  solve  the  equations  for  mean  mass  and 
momentum  conservation,  an  equation  for  .turbulent  energy, 
and  an  equation  for  a  turbulence  dissipation  scale.  For  all 
three  models,  the  first  three  equations  assume  the  following 
form: 


du  ^ 
dx  *  dy 


=  0 


— 

dr 


U, 


^  l\  ^ 

dx  dy. 


dk 

du 

d 

■  .  dk 

"‘"ay 

(Al) 

(A2) 

(A3) 


where  d/dr  =  ud/dx  *  vd/dy.  Note  that  Eqs.  (A1>A3)  do  not 
include  molecular  viscosity.  This  is  a  vaiid  approximation  in 
the  defect  layer  as  the  eddy  viscosity  is  proportional  to  U,b*, 
where  U,  is  the  boundary-iayer-edge  velocity  and  6* 
is  displacement  thickness.  Hence,  the  ratio  of  molecular  to 
eddy  viscosity  varies  inversely  with  displacement-thickness 
Reynolds  number  and  is  thus  very  small.  The  difference 
among  the  three  models  is  in  the  way  the  dissipation  i  and  the 
kinematic  eddy  viscosity  vr  are  computed. 

For  the  new  model,  in  addition  to  Eqs.  (A1-A3),  we  have 


( » &'ij>k 

(A4a) 

vj-k/u 

(ASa) 

du) 

>  =  5/9,  d  =  3/40.  d*  =9/100,  0=1/2,  o*  =  l/2  (A7a) 

In  the  Wilcox-Rubesin  model,  the  additional  equations  are 
as  follows; 


bu 

^  ,  a 

du 

dy 

(A6a) 


In  the  Jones-Launder  model,  we  compute  dissipation  t 
directly,  so  that  additional  equations  are 


»>7-  =  /3*)tV< 


du 

2 

^  a 

d( 

—  Cj  —  +  — 
k  dy 

[  dy\ 

/J*=  9/100,  C,  =  31/20,  C,  =  2,  0=10/13,  o* 


(A5c) 
(A6c) 
1  (A7c) 


Expantion  Procedure 

Following  the  formulation  of  Wilcox  and  Traci,*  we 
introduce  a  stream  function  ^  and  seek  a  perturbation  solution 
of  the  form 


<li  =  U,£i 


«»^|£e(>l)+...l 


where 


»» 


(AS) 
(A9) 
(A  10) 
(All) 

(A12) 


Inserting  Eqs.  (A8>AI2)  into  Eqs.  (A1-A7),  neglecting 
higher-order  terms,  letting  Ne(n)  denote  dimensionless  eddy 
viscosity,  and  defining 


we  obtain  the  following  equations; 


dn  _ 


dUi 

+  (ftf  -  2df  -  2u>r)'l 


+  (0T  “  =  2ofX 


dU, 

dx 


(A13) 


(A14) 


-t- (ar  -  2(3r  -  2wr)it -4u»rA» 


(A15) 


where 


£•  =  KtWt  and 


A| 

W'.  " 


(A16) 


The  final  equation  for  each  model  is  different;  the  equations 
are: 


i  = 


(A4b) 


New  model; 


VT  =  k/ui 


(A5b) 


^  * 


(A6b) 


d 

"dit  L 


N  iifl* 

"•17. 


T  (or  --  2&J  -  2u)r)n 


•r(ar-/3r-4«r)lf'i  +  '^ 


,  aw'. 

=  ^orX^ 


>=10/9,  13  =  3/20,  |3»  =  9/100,  a  =1/2,  o*  =  l/2  (A7b) 
where  (='fk/u>. 
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Wilcox-Rubesin  model: 


bWj 

dr} 


+  2{ar  -  0r  -  4wr)>*'«  +  ^/F  [>!♦', 


(A  17b) 


Jones-Launder  model; 


0 


j9 

dij 


+  (Or  -  2ar  -  2^r)v  ^ 


+  (Olj  -dj-  -  8u);-)£, 


(A  17c) 


where  the  parameters  a^,  Sr,  oj,  and  uj  are  defined  in  terms 
of  6*,  u„  and  skin  friction,  C/  =  2{u,/U,)',  i.e., 


2  d6* 
“  C,  cU- 

T„  (k 


«r 


6*  du, 

C/u,  (k 


(A18) 


Equations  (AI4-AI7)  will  have  self>similar  solutions  only  if 
itr,  St>  and  uif  are  independent  of  x.  As  noted  by  Bush  and 
Fendell,'^  for  (U«6*/»>)>  >  1,  u,  varies  sufficiently  slowly  that 
we  have 


New  model; 


dij 


^0 


dH't 
dij  , 


+  (l+dr)»>~  +  (l  +  2dr)lt'o 


/duA^  s 

[^VdT,/  d*  * 


=  0 


(A23a) 


Wilcox-Rubesin  model: 


d 

"d, 


dl^o- 

dij 


dWl 


+  (1  +dr)>l^  +  2(l  +2dr)M'* 


+  V 


(A23b) 


Jones-Launder  model: 


di) 


dij 


+  (1  +  flrh  ^  +  (1  +  2dr)£'. 


■>/F 


C^  „  /dU.V  £i 


(A23c) 


Boundary  Coadlilont 

At  the  outer  edge  of  the  defect  layer,  we  require  that  the 
velocity  equal  the  freestream  velocity.  Additionally,  we  let  the 
turbulent  energy  assume  a  small  value  and  insist  that  the 
turbulent  length  scale  have  zero  slope  at  the  boundary-layer 
edge.  In  their  defect-layer  analysis,  Wilcox  and  Traci  used 
these  boundary  conditions,  as  well  as  explicitly  prescribing 
both  K%  and  H^a-  Thus, 

=  and  Kt-  small  value  at  n  =  »i»  (A24) 

di) 

Approaching  the  surface,  we  must  formally  match  to  the 
law  of  the  wall  Matching  is  a  bit  different  for  each  model  but 
is  nevertheless  straightforward;  details  of  the  algebra  will  thus 
be  omitted  in  the  interest  of  brevity.  The  limiting  forms  used 
for  n~0  follow. 


wr  =  o(l)  as  U,6V».-<»  (A19) 


and,  in  addition,  the  shape  factor  to  leading  order  approaches 
1,  which  (from  inspection  of  the  momentum-integral  equa¬ 
tion)  implies 

a,-l  +  30r  as  (A20) 


U|  —  “  (  —  Uf)  +  Uj  ~ 

Kf  (1  i- 

H'l - (1  +  Wiijiin)) 

*1} 

£i - (1  +  eii)6u)) 

Kl) 


I  as  I}— 0  (A25) 


Thus,  self-similar  solutions  exist,  provided  only  that  Sr  is 
independent  of  x. 

In  summary,  the  defect-layer  equations  for  the  leading-or¬ 
der  terms  in  the  perturbation  expansions  become 

All  models; 

d  f  dt/.l  dU, 

=  0  (A21) 


+  v^1n«(^/-£»1=0  (A22) 


The  coefnciems  U|,  ^i,  W|,  and  ei  are  as  follows; 
All  models: 


Sr^o- 

o*«V(2n^)  -  1 


(A26) 


New  model: 


Ml 


lg/(7d‘)l  qV/(2N/g^) 

l-SayS') 


(A27a) 


aV/(2N/^)  , 

l-S/(yS’) 


(A28a) 
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Wilcox-Rubesin  model: 

_  [g/vF  +  g<c^)  gVV(2V^)  ^ 

"2y\/F  [I  -  0/(70* )1  +  20x2 
H,  7vF  [q*x2/(2N/F)l  -I-  0x2 
”  27VF  [1  -  0/(70*)l  +  2ox= 

Jones-Launder  model: 

(1  +  o*x2/vF)C2  -  C,  , 

“•  = - 2(cr:rc^j - '• 

(I  0»x2/V^)C,  -  C; 

"  2(C,  -  Cj)  ’ 

Additionally,  the  coefficient  is  determined  from  the  integral 
constraint  for  mass  conservation,  that  is, 

d^  =  1  (A29) 

To  implement  Eq.  (A29)  in  the  numerical  solution  of  the 
defect-layer  equations,  we  proceed  as  follows.  Because  the 
velocity  is  singular  at  tj  =  0,  we  integrate  the  numerical 
velocity  profile  from  a  point  above  the  surface,  which  we 
denote  by  i)i  (typically  of  order  0.001-0.01),  to  the  edge  of 
the  boundary  layer  ij,.  Then,  we  integrate  the  asymptotic 
profile  for  (/o(i))  given  in  Eqs.  (A25)  from  tj  =  0  to  ij  =  >ii  •  The 
latter  integration  involves  the  unknown  coefficient  u„.  Finally, 
the  sum  of  these  two  integrals  must  be  unity  by  virtue  of 
Eq.  (A29). 

Skis  Friction  and  Wake  Strength 

It  is  possible  to  determine  the  skin  friction  implied  by  the 
solution  to  the  defect-layer  equations  by  formal  matching  to 
the  sublayer  asymptotic  velocity  profile.  Considering  only 
leading-order  terms,  we  say: 


(A27b) 

(A28b) 

(A27c) 

(A28c) 


lim 

-  ’  -1-  fl 

=  lim 

—  ■¥~  Ur)-  -  Ut 

K 

o-O 

U,  K  X 

(A30) 


We  note  that  y  ’  =r)/(U,b'/v)  and  u,/U,  =  'yJC//2,  there  fol¬ 
lows  immediately: 

(AJO 

Finally,  combining  Coles’  composite  profile  [Eq.  (22))  with 
Eq.  (A31)  and  evaluating  the  resulting  equation  at  the 
boundary-layer  edge,  we  arrive  at  the  following  expression  for 
wake  strength  t. 


ir=  '/!(«o-6«7),) 


(A32) 
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APPENDIX  B:  MULTISCALE  MODHl.  BASELINE  PAPER 


The  paper  reproduced  in  ttiis  appendix  appears  in  the  November,  1988  issue  of  the  AIAA 
Journal.  The  formal  reference  to  this  paper  is  as  follows. 

Wilcox,  D.  C.,  "Multiscale  Model  for  Turbulent  Flows,"  AIAA  Journal,  Vol. 

26,  No.  11,  Nov.  1988,  pp.  1311-1320. 

This  paper  defines  the  Wilcox  multiscale  model  of  turbulence.  The  primary  contribution  is 
development  of  a  model  that  does  not  require  use  of  the  Boussinesq  approximation.  The 
model  has  most  of  the  generality  of  a  full  second-order  closure  model  while  being  nearly  as 
simple  to  implement  as  an  algebraic  stress  model.  Applications  include  homogeneous 
turbulent  flows,  incompressible  and  compressible  boundary  layers  and  unsteady  boundary 
layers. 
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Multiscale  Model  for  Turbulent  Flows 


David  C.  Wilcox* 

DCW  Industries,  Inc.,  La  Canada,  California 


A  model  is  devised  for  computing  general  turbulent  flows.  The  model  is  »n  improvement  over  two>equation 
turbulence  models  in  a  critically  important  manner,  that  is.  the  new  model  accounts  for  disalignment  of  the 
Reynolds>stress<tensor  and  the  mean*slraln*rate>tensor  principal  axes.  The  improved  representation  of  the 
Reynolds-stress  tensor  has  been  accomplished  through  the  Introduction  of  a  multlMale  deKription  of  the 
turbulence,  i.e..  two  energy  scales  are  used  corresponding  to  upper  and  tower  partitions  of  the  turbulence  energy 
spectrum.  A  novel  feature  of  the  formulation  it  that  the  differential  equation  for  the  Reynolds^ttrest  tensor  is 
of  first  order,  which  in  effect  corresponds  to  what  can  be  termed  an  "algebraic  streu  model"  with  convective 
terms.  As  a  consequence  of  its  mathematical  simplicity,  the  model  it  very  efficient  and  euy  to  implement 
computationally.  The  model  is  applied  to  a  wide  range  of  turbulent  flows  including  homogeneous  turbulence, 
compressible  and  Incompressible  lwo*dlmentlontl  boundary  layers,  and  unsteady  boundary  layers  including 
periodic  separation  and  reattachment.  Comparisons  with  corresponding  experimental  data  show  that  the  model 
reproduces  all  salient  features  of  the  flows  considered.  Perturbation  analysis  of  the  viscous  sublayer  shows  that 
integration  through  the  sublayer  can  be  accomplished  with  no  spMial  viscous  modlfkalions  to  the  closure 
coefficients  appearing  in  the  model. 


I.  Iniroduclion 

HIS  paper  presents  results  of  the  second  phase  of  a 
continuing  turbulence'modeling  effort  initiated  after  the 
second  Stanford  conference'  on  turbulent  flows.  The  first 
phase  led  to  development  of  a  new  two-equation  turbulence 
model*  that  is  much  more  accurate  than  any  existing  model  for 
boundary  layers  in  an  adverse  pressure  gradient,  In  this  phase, 
the  primary  goal  is  to  focus  on  the  constitutive  relation  be¬ 
tween  Reynolds  stress  and  mean-flow  properties. 

An  important  shortcoming  of  two-equation  turbulence 
models  is  their  inability  to  adjust  at  physically  realistic  rates  to 
a  change  in  the  mean-strain-rate  tensor  field.  This  shortcom¬ 
ing  is  most  easily  seen  by  examining  two-equation  model 
predictions  for  homogeneous  turbulence  in  uniform  shear, 
such  as  the  flow  considered  by  Champagne  et  al.*  Wilcox  and 
Rubesin*  have  shown  that  a  two-equation  model  predicts  an 
asymptotic  approach  to  the  experimentally  measured  asymp¬ 
totic  structure  to  within  experimental  accuracy.  However,  the 
predicted  time  to  reach  the  asymptote  is  an  order  of  magnitude 
longer  than  measured.  This  shortcoming  is  a  direct  conse¬ 
quence  of  the  two-equation  model’s  assumption  that  Reynolds 
stress  is  proportional  to  mean-strain  rate. 

Another  straightforward  example  of  this  shortcoming  is 
provided  by  a  homogeneous  turbulence  that  has  been  sub¬ 
jected  fc.  some  time  to  a  uniform  rate  of  strain,  followed  by 
sudden  removal  of  the  strain  rate.  As  shown  in  many  experi¬ 
ments,  the  turbulence  approaches  isotropy  asymptotically 
with  time.  However,  if  we  postulate  that  Reynolds  stress  is 
proportional  to  mean-strain  rate,  the  model  will  predict  an 
instantaneous  return  to  isotropy.  Note  that  the  same  conclu¬ 
sion  holds  for  nonlinear  stress/strain-rate  constitutive  rela¬ 
tionships,  such  as  the  so-called  algebraic  stress  model. 
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To  overcome  this  shortcoming,  some  researchers  have 
attempted  to  develop  a  model  for  the  Reynolds-stress  tensor 
equation  obtained  by  talcing  moments  of  the  Navier-Stokes 
equation.  The  drastic  surgery  performed  in  such  attempts 
often  leaves  rigor  far  behind  and,  in  effect,  appears  more  as  an 
attempt  to  model  the  differential  equations  rather  than  the 
physics  of  turbulent  flow  processes.  In  this  study,  a  deliberate 
attempt  has  been  made  to  avoid  the  conventional  approach. 
Thus,  ilthough  the  final  set  of  equations  formulated  in  this 
paper  suares  many  features  of  models  devised  by  others,  the 
approach  taken  differs  both  in  detail  and  in  spirit. 

There  have  been  two  key  developments  that  have  stimulated 
the  approach  taken  in  this  paper.  The  first  is  the  development 
of  the  algebraic  stress  model  by  R** ''i*  and  subsequently 
exercised  in  many  applications  by  Lakshminarayana.‘  Using 
the  algebraic  stress  model  yields  an  accurate  method  for 
describing  effects  of  streamline  curvature  and  secondary 
motions,  for  example,  two  effects  that  cannot  be  directly 
represented  with  a  standard  two-equation  turbulence  model. 
The  second  development  is  the  elegant  Johnson-King’  model. 
This  model  implements  a  simple  first-order  differential 
equation  for  shear-stress  magnitude  to  be  used  in  conjunction 
with  the  mixing-length  nodel  in  order  to  circumvent  short¬ 
comings  of  the  mixing-length  model  in  separated  flows.  The 
goals  of  this  study  are  to  1)  create  a  model  similar  to  the 
algebraic  stress  model,  which  also  accounts  for  sudden 
changes  in  mean-strain  rate,  and  2)  create  a  complete  tensor- 
invariant  analog  of  the  Johnson-King  model  in  the  context  of 
advanced  turbulence  models. 

in  this  paper,  we  begin  with  the  premise  that  turbulence  can 
be  described  by  representing  the  turbulence  energy  spectrum  in 
terms  of  an  upper  and  a  lower  partition  with  the  upper 
partition  corresponding  to  lowest  frequency,  energy-bearing 
eddies.  This  notion  is  used  in  large-eddy  simulation  work* 
where  small  eddies  (corresponding  to  the  lower  partition  of  the 
spectrum)  are  modeled  and  large  eddies  (corresponding  to  the 
upper  partition  of  the  spectrum)  are  numerically  simulated.  By 
contrast,  we  model  both  the  small  and  the  large  eddies.  We  use 
the  general  observations’  that  eddies  in  the  lower  partition  are 
expected  to  contain  most  of  the  vorticity,  to  be  isotropic,  and 
to  dissipate  rapidly  into  heat.  A  key  feature  of  eddies  in  the 
upper  partition  is  that  they  are  more  or  less  inviscid.  As  shown 
in  Sec.  Ill,  in  terms  of  model  equations  these  facts  yield  1)  two 
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equations  that  are  essentially  the  two-equation  model  devised 
by  Wilcox,^  and  2)  an  inviscid  tensor  equation  for  the  upper 
partition  contribution  to  the  Reynolds-stress  tensor. 

After  stating  the  complete  multiscale  model  equations  in 
Sec.  11,  closure  approximations  are  discussed  in  detail  in  Sec. 
Ill.  In  special  limiting  cases,  some  of  the  approximations  are 
similar  to  those  introduced  by  Launder  et  al.'*’  All  closure 
coefficients  that  the  multiscale  model  has  in  common  with  the 
Wilcox  k’U  modeF  assume  the  same  values  used  in  the 
two-equation  model.  Values  for  all  additional  closure  coeffi¬ 
cients  are  selected  based  on  general  observations  of  turbulent 
flow  behavior,  perturbation  analysis  of  the  viscous  sublayer, 
and  a  modest  amount  of  computer  optimization.  Section  IV 
presents  results  of  numerical  applications  to  homogeneous 
turbulent  flows.  Section  V  summarizes  results  of  a  perturba¬ 
tion  analysis  of  model-predicted  viscous  sublayer  structure. 
Section  VI  presents  three  types  of  numerical  applications 
including  steady  incompressible  turbulent  boundary  layers, 
steady  compressible  turbulent  boundary  layers,  and  unsteady 
incompressible  turbulent  boundary  layers.  In  all  cases,  com¬ 
parisons  with  experimental  data  are  presented. 


total  energy  and  enthalpy,  respectively,  with  h  p/p;  c 
and  h  denote  internal  energy  and  enthalpy.  Additionally,  r,^  is 
the  Reynolds-stress  tensor.  The  turbulent  kinetic  energy  k  and 
the  specific  dissipation  rate  oi  are  needed  to  define  the  eddy  . 
viscosity  pr,  which  is  given  by 


Pr  =  pk/u 

The  total  viscous  stress  tensor  is  given  by 


Ty  =  2p 


3/\dx, 


-)«v 

k' 


+  r„ 


(7) 


(8) 


where,  by  definition,  the  mean-strain-rate  tensor  Sy  and  the 
mean-rotation  tensor  0„  (appearing  in  Eq.  (5)J  are  given  by 


Sy^ 

\dXj  dx,J 

(9a) 

\dXj  dx,) 

(9b) 

11.  Equations  of  Motion 

Before  proceeding  to  develop  the  multiscale  model,  it  is 
instructive  to  first  summarize  the  complete  set  of  equations 
that  constitute  the  model.  For  general  compressible  turbulent 
fluid  flows,  the  turbulence  model  equations  are  written  in 
terms  of  Favre"  mass-averaged  quantities  as  follows; 

Mass  conservation; 


^  — 
Tt'^dXj 


(pUj)  =  0 


Momentum  conservation; 


(I) 


The  heat  flux  vector  is  approximated  as 


where  Pr^  and  Pr^  are  the  laminar  and  turbulent  Prandtl 
numbers,  respectively. 

In  order  to  close  this  system  of  equations,  we  must  postulate 
a  relation  between  the  Reynolds  stress  tensor  and  mass-av¬ 
eraged  flow  properties.  The  multiscale  model  computes  ty 
according  to 


3  ,  ,  d  ,  ,  dp  dr'u 


(2) 


Mean  energy  Conservation; 


dt 


dXj 


dk 

u,r\  +(ii  +  o’pt)  37  (3) 


Turbulent  kinetic  energy; 


Ty  =  pTy  -  Vi  pe6y  (11) 

where  pTy  is  the  upper  partition  contribution  to  the  Reynolds- 
stress  tensor  and  pe  is  the  energy  of  the  eddies  in  the  lower 
partition.  The  tensor  £y  in  Eq.  (6)  represents  the  exchange  of 
energy  among  the  mean,  upper,  and  lower  partition  energies 
and  is  given  by 

fy  =  -  C|j3*w(Ty  ^P*6y)  +  ttPy  -(■ 

+  ypk(s,j  -  5  ( I  -  e/* )  >  :6y  (12) 

The  tensors  Py  and  D,j  are  the  conventional  production  tensors 
defined  by 


Specific  dissipation  rate; 

d  d  /‘iu)\  du, 

dt  dXj  =  dx, 


dx, 


(p  +  OMrlj- 


Upper  partition  stress  tensor; 


(5) 


d  d 

^  (pT’y)  (pu*7'y)  =  -/’y  +fy  (6) 

where  t  is  time,  x,  is  position  vector,  u,  is  velocity  vector,  p  is 
density,  p  is  pressure,  p  is  molecular  viscosity,  is  the  sum  of 
the  molecular  and  Reynolds  stress  tensors,  and  q,  is  the  sum  of 
the  molecuiar  and  turbulent  heat  flux  vectors.  In  Eq.  (3),  the 
quantities  E=t  +  k+u/u,/2  and  H  =  h  +  k+UiU,/2  are 


= """  dx„  ^ 


du, 

dx„ 


(I3a) 


n  _  dUm  dUm 
U,  -  r,„ 


(13b) 


Finally,  the  10  closure  coefficients  appearing  in  Eqs.  (1-12) 
are  as  follows. 


d  =  42/55, 

0  =  6/55,  >=1/4 

0  =  3/40, 

II 

0=  1/2 

0*  =  9/100, 

«  =  1. 

a*  =  1/2 

C,  =  1  -k-m-e/k)^'^ 
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III.  Theoretical  Formulation  of  the  Model 

For  the  sake  of  clarity,  formulation  of  the  multiscale  model 
is  done  for  incompressible  flow.  The  most  noteworthy  feature 
of  the  multiscale  model  is  the  idea  that  we  must  keep  track  of 
energy  in  two  separate  partitions  of  the  turbulence  energy 
spectrum.  In  this  spirit,  the  lower  partition  of  the  spectrum  is 
postulated  to  be  responsible  for  the  equilibrium  value  of  the 
Reynolds’stress  tensor,  whereas  the  upper  partition  gives  rise 
to  departure  from  equilibrium.  In  formulating  the  model, 
special  care  has  been  taken  in  I)  tracing  energy  transfer 
between  the  mean,  upper,  and  lower  partition  energies,  2) 
modeling  as  much  of  the  physics  of  turbulence  as  possible 
within  a  phenomenological  point  of  view,  3)  achieving 
consistency  with  conventional  closure  approximations  in 
special  limiting  cases,  and  4)  devising  a  set  of  equations  that 
are  numerically  tractable. 

A.  Basic  Postulates 

We  begin  with  the  premise  that  turbulence  can  be  described 
in  terms  of  the  energies  of  two  separate  partitions  of  the 
turbulence  energy  spectrum.  We  also  make  use  of  the  general 
observations  that  eddies  in  the  lower  partition  are  expected  to 
contain  most  of  the  vorticity,  to  be  isotropic,  and  to  dissipate 
rapidly  into  heat,  whereas  the  eddies  in  the  upper  partition  are 
inviscid.  In  terms  of  model  equations,  these  Tacts  are  stated  as 
follows. 

B.  Malhcmallcal  Decomposition 

For  incompressible  flows,  the  Reynolds-stress  tensor 
Ty  =  -pu,'u/,  where  the  overbar  denotes  mass  average,  is 
represented  as  the  sum  of  two  contributions, 

^=pT„+p/,y  (15) 

where  and  i,j  are  attributed  to  the  upper  and  lower 
partitions,  respectively.  Assuming  the  eddies  in  the  upper 
partition  are  inviscid,  the  tensor  will  change  as  a  result  of 
work  done  against  the  mean*velocity  gradient  field  and  energy 
exchange  with  the  eddies  in  the  lower  partition.  Mathemati* 
cally,  we  state  these  facts  by  writing 

where  d/d/  =  d/di  +  utd/dXi .  The  tensor  is  the  production 
tensor  deftned  in  Eq.  (13a),  and  £„  is  the  energy  exchange 
tensor.  Assuming  the  eddies  in  the  lower  partition  are 
isotropic,  we  can  say 


where  the  “production”  term  P  is  the  trace  of  the  production 
tensor,  i.e., 

P=V'-Pn,.  (22) 

C.  Closure  Approximation 

In  order  to  close  the  system,  we  must  establish  mathematical 
approximations  for  the  dissipation  A  diffusion  F,  and  the 
energy  exchange  tensor  E,j.  To  maintain  consistency  with  the 
Wilcox*  k-u  model  formulation,  we  express  the  dissipation 


and  diffusion  terms  according  to 

D  =  ii'puk 

(23a) 

(23b) 

where  a*  is  a  closure  coefficient. 

Thus,  the  remaining  task  is  to  establish  a  rational  represen¬ 
tation  for  the  energy  transfer  tensor.  We  do  this  in  two  steps. 
First,  we  examine  the  decay  of  homogeneous  turbulence  in  the 
absence  of  mean  velocity  gradients.  Then,  we  examine  the 
limiting  case  of  a  constant-pressure  boundary  layer. 

In  the  first  step  of  this  procedure,  we  thus  focus  on 
homogeneous  turbulence  with  all  mean-velocity  gradients  set 
to  zero.  For  such  turbulence,  the  equations  for  total  turbu¬ 
lence  kinetic  energy  and  for  the  energy  of  the  upper  partition 
eddies  {k-e)  are  given  by 


(24a) 

d(A-e)  _ 

<-51 - ^ 

(24b) 

Now,  if  we  define  the  characteristic  length  scale 
turbulence  b' 

of  the 

then  we  can  rewrite  the  equation  for  k  as  follows; 

(25) 

dA  d*A’* 

d/  ~  ( 

(26) 

We  now  postulate  that  the  large  eddies  decay  on  the  same  scale 
as  the  overall  turbulence,  so  that  we  expect  to  have 

/„  =  -V,  (17) 

d(it-e)  0*(A'-e)*  ■  o.  ,  ( 

where  the  quantity  e  represents  the  energy  of  the  eddies  in  the  ~d/~  ~  f  ~  ~  ~  it/ 

lower  partition.  The  equation  for  e  can  be  written  as 


de 

p^=£-A.£ 


Thus,  in  the  absence  of  mean  velocity  gradients,  we  postulate 
that  the  limiting  form  of  £  is  given  by 


where  F  is  diffusion,  D  is  dissipation,  and  £  is  the  trace  of  , 

*■*"  E^VzE^  (19) 

The  total  kinetic  energy  of  the  turbulent  fluctuations  k  is 
expressed  by  contracting  the  Reynolds-stress  tensor  so  that,  in 
terms  of  e  and  , 

k^e-VzT„„  (20) 

Hence,  contracting  Eq.  (16)  and  combining  with  Eqs.  (18-20), 
we  obtain  the  following  equation  for  k ; 

pf.p-o-f  (21) 


£  =  0*pu>it(  1  -  '  for  =  0  (28) 

In  the  second  step  of  the  procedure,  note  that  we  can 
combine  the  lower  and  upper  partition  equations  to  derive  an 
equation  for  the  Reynolds-stress  tensor.  The  equation  assumes 
the  following  form: 

+  (^E^  -  ^i£6v)  +  (diffusion  terms)  (29) 
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Equation  (29)  matches  the  Launder  et  al.'"  closure  approxima¬ 
tion  and  is  consistent  with  Eq.  (28),  provided  we  select 

=  -C|d’a)(T,^  +  Vipkb^)  +  dP,,  +  ^D,J  +  ipkS^ 

+  V>0'po>k(\-^f‘5,j  (30) 

where  C|,  d,  and  y  are  additional  closure  coefficients,  and 
is  defined  in  Eq.  (13b). 

D.  Specific  Oissipiiion-Rate  Equiiton 

One  additional  equation  is  needed  to  close  the  system, 
namely,  an  equation  for  the  specific  dissipation  rate  w.  Again, 
we  draw  from  the  earlier  work  on  the  two-equation  model^ 
and  an  interesting  development  extracted  from  the  large-eddy 
simulation  work  of  Bardina  et  al.'  The  postulated  equation  for 
bl  is 

■  j/3p«V2n„,n,„ 

B  [  dull 

(31) 

where  0,  y,  and  a  are  closure  coefficients. 

The  term  proportional  to  {  follows  the  work  of  Bardina  et 
al.'  In  the  context  of  homogeneous  turbulence,  it  is  required  in 
order  to  accurately  simulate  effects  of  system  rotation.  The 
term  also  introduces  subtle  differences  between  model-pre¬ 
dicted  effects  of  plane  strain  and  uniform  shear  on  homoge¬ 
neous  turbulence. 

E.  Closure  Cucfflclenls 

The  model  contains  a  total  of  10  closure  coefficients;  0, 0\ 
y,  a,  0*.  Cl,  et,  3.  and  y'.  We  use  arguments  similar  to  those 
presented  by  Wilcox’  and  in  addition  we  have  gone  through  a 
very  careful  series  of  computations  to  establish  the  value  of 
each.  Note  that,  consistent  with  the  notions  that  most  of  the 
voriicity  is  contained  in  the  lower  partition  eddies,  and  that  tp 
is  closely  related  to  the  fluctuating  vorticity,  we  expect  that  the 
four  coefficients  appearing  in  Eq.  (31)  must  be  independent  of 
the  ratio  of  e  to  k.  After  more  than  30  applications  of  this 
model,  we  find  that  only  C|  needs  to  depend  on  e/k,  and  it 
does  so  in  a  straightforward  manner.  To  complete  the  form¬ 
ulation,  a  relationship  between  C|  and  the  ratio  of  e  to  J;  must 
be  established.  That  C|  should  depend  upon  this  ratio  seems 
logical  for  the  following  reasons.  The  mathematical  represen¬ 
tation  of  turbulence  adopted  for  this  model  includes  two 
distinct  energy  scales.  Additionally,  inspection  of  Eqs.  (29) 
and  (30)  shows  that  the  term  proportional  to  C|  represents  the 
rate  at  which  anisotropic  turbulence  returns  to  isotropy.  The 
process  of  returning  to  isotropy  should  involve  interaction  of 
the  turbulence  with  itself,  with  no  net  change  in  total  energy  of 
the  turbulence.  Thus,  the  only  energy  scales  relevant  in  such  a 
process  would  be  e  and  k .  Assuming  no  other  dimensional 
parameters  are  pertinent  (e.g.,  viscosity),  then  the  only 
dimensionless  grouping  available  is  e/k. 

Experimental  observations”  indicate  that  large  eddies  tend 
toward  isotropy  more  rapidly  than  small  eddies.  Then,  if  we 
rewrite  the  return-to-isotropy  term  as 

Ct0'ulT,/p  +  =  C,e,o,lr,/{fik)  +  (32) 

where  (,oi  =  0'ipk  appears  in  the  turbulent  energy  equation,  a 
plausible  approximation  is  to  say 

Citioi  -C\i(L  +  C\s(s  (33) 

where  ti  and  ts  are  the  dissipation  terms  appearing  in  she 
equations  for  the  upper  partition  energy  (k-e)  and  the  lower 
partition  energy  e,  respectively.  Straightforward  manipulation 


of  Eqs.  (26),  (27),  and  (33)  yields 

C,  =  C,i(l  +  C,s[l  -  (l  (34) 

In  the  limiting  case  where  only  small  eddies  are  present,  i.e., 
the  limiting  case  e—k,  we  expect  C,  to  asymptotically 
approach  its  smallest  physically  acceptable  value  of  unity,  (if 
C|  were  smaller  than  one,  anisotropic  turbulence  would  depart 
further  from  isotropy.)  Thus, 

C,s  =  1  (35) 

In  order  to  establish  the  value  of  C,i,  we  turn  now  to 
analysis  of  the  so-called  wall  layer.  The  wall  layer  is  the  region 
of  a  constant-pressure  boundary  layer  sufficiently  close  to  the 
surface  that  convective  terms  are  negligible,  yet  sufficiently 
distant  from  the  surface  that  effects  of  molecular  viscosity  are 
negligible.  In  the  wall  layer,  the  velocity  follows  the  classical 
law  of  the  wall.  Perturbation  analysis  of  the  multiscale  model 
shows  that  convective  terms  are  negligible  and,  to  leading 
order,  the  diffusion  term  in  the  turbulent  energy  equation  is 
negligible.  From  these  observations  there  follows  immediately 

e//k=  1 -(1 -ci-5)‘'±  V4  (36) 

in  the  wall  layer.  Then,  insisting  that  the  value  of  C|  for  the 
wall  layer  match  the  value  used  by  Launder  et  al.,'"  namely, 
3/2,  there  follows 

Cu  =  5  (37) 

Thus,  the  final  form  for  C,  postulated  for  the  multiscale 
model  is  given  by 

C.  =  (38) 

In  summary,  the  closure  coefficients  for  the  multiscale 

model  are  given  in  Eqs.  (14).  All  applications  in  the  following 
sections  have  been  done  using  these  values  for  the  closure 
coefficients. 

F.  Discussion 

Before  proceeding  to  the  applications,  it  is  worthwhile  to 
pause  and  discuss  some  of  the  premises  underlying  formula¬ 
tion  of  the  multiscale  model.  A  novel  feature  of  the  model  is 
that  it  uses  a  single  turbulence-length-scale  determining  equa¬ 
tion.  This  is  a  direct  consequence  of  the  assumption  that  upper 
partition  eddies  decay  on  the  same  scale  as  the  overall  turbu¬ 
lence,  as  reflected  in  Eq.  (27).  This  approximation  has  been,  to 
some  extent,  substantiated  by  large-eddy  simulation  studies.' 
Given  the  uncertainties  surrounding  proper  modeling  of  the 
length-scale-deiermining  equation,  introducing  this  approxi¬ 
mation  is  neither  more  nor  less  rigorous  than  adding  a  second 
length-scale  determining  equation.  Note  that  this  means  the 
model  equations  implicitly  (and  automatically)  determine  the 
boundary  between  the  lower  and  upper  partitions  of  the 
energy  spectrum. 

The  most  controversial  approximation  made  is  that  the 
lower  partition  eddies  are  isotropic.  To  explain  why,  we  first 
contract  Eq.  (6)  to  form  the  following  equation  for  the  upper 
partition  turbulent  energy: 

{\-d-^)P-0'pu,k(l-ff'^  (39) 

Because  we  have  used  the  Launder-Reece-Rodi  values  for  a 
and  0,  the  value  of  (1  -d- 3)  is  approximately  0.13.  Con¬ 
sequently,  only  13%  of  the  total  turbulence  energy  production 
goes  into  the  upper  partition.  Thus,  we  should  expect  that  the 
lower  partition  energy  will  often  be  a  significant  fraction  of 
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the  total.  In  the  wall  layer,  for  example,  the  ratio  e/k  is  0.75. 
This  means  that  the  boundary  between  energy  partitions  will 
often  he  above  the  inertial  subrange,  encroaching  on  the 
energy-containing  eddies,  which  are  certainly  not  isotropic. 
Although  postulating  that  eddies  this  far  up  the  spectrum  are 
isotropic  may  be  physically  unrealistic,  the  mathematical 
simplification  attending  the  approximation  is  tremendous. 
The  simplification  is  most  evident  if  we  form  the  equation  for 
the  Reynolds-stress  deviator  (t,^  +  V)pk5,j)  implied  by  the 
model,  that  is, 

(t,^  -I-  ‘/ipkb,j)  =  -(P,j  -  ViPbij)  +  (E,j  -  V}Eb,j) 

(40) 

This  equation  is  of  first  order  due  to  the  absence  of  diffusion 
terms.  We  should  thus  expect  its  implementation  to  be  less 
difficult  than  that  of  a  full  Reynolds-stress  transport  model. 
This  has  indeed  proven  to  be  the  case.  As  the  entire 
formulation  is  empirical  in  its  essence,  the  usefulness  of  and 
justification  for  any  such  approximation  ultimately  lies  in  how 
well  the  model  performs  in  applications,  and  we  defer  to  the 
applications  of  the  following  sections  as  our  justification. 

A  few  additional  words  regarding  the  absence  of  diffusion 
terms  are  in  order.  One  guiding  premise  of  this  modeling 
effort  has  been  to  include  the  minimum  amount  of  complexity 
while  capturing  the  maximum  amount  of  the  physics  of 
turbulence,  with  the  central  goal  being  to  remove  limitations 
imposed  by  the  Boussinesq  appioximation.  Most  turbulence 
modeling  researchers  accept  without  question  the  commonly 
used  approximation  that  triple  correlation  terms  in  the  exact 
equation  for  Ty  can  be  modeled  with  a  gradient-diffusion 
approximation.  Aside  from  the  fact  that  using  gradient-diffu¬ 
sion  approximations  to  describe  any  aspect  of  turbulent 
mixing  requires  stretching  the  imagination  a  bit,  it  seems 
pointless  to  include  such  terms  at  the  expense  of  elegance  and 
mathematical  complexity.  This  is  especially  true  since,  in  most 
applications,  the  standard  diffusion  terms  used  are  negligible. 
Ideally,  the  closure  approximations  chosen  for  the  multiscale 
model  implicitly  include  all  salient  effects  of  the  triple 
correlation  terms.  To  carry  this  discussion  any  further,  how¬ 
ever,  violates  a  basic  objective  of  this  study,  viz.,  to  model  the 
physics  of  turbulence  rather  than  the  differential  equations. 

IV.  Homogeneous  Turbulence 

The  first  round  of  applications  is  to  homogeneous  turbulent 
flows.  The  cases  selected  are  most  of  those  considered  in  the 
second  Stanford  conference'  and  are  as  listed  in  Table  I .  Most 
of  the  results  submitted  to  the  Stanford  conference  for  the 
homogeneous  turbulence  cases  could  not  be  considered  accep¬ 
table  for  general  engineering  applications.  As  will  be  shown  in 
this  section,  the  multiscale  model  performs  exceptionally  well 
for  homogeneous  turbulent  flows.  Note  that  in  all  of  the 


homogeneous  turbulence  computations  performed,  the  initial 
value  of  the  specific  dissipation  rate  has  been  chosen  to 
insure  a  match  between  computed  and  measured  turbulent 
kinetic  energy  k  at  the  end  of  the  computation.  The  average 
difference  between  the  value  of  determined  in  this  manner 
and  the  values  recommended  for  use  in  the  conference  is  17%. 


A.  Decay  of  Isotropic  Turbulence 

Decay  of  isotropic  turbulence  is  the  simplest  of  all  homo¬ 
geneous  turbulent  flows.  The  case  considered  here  is  flow  0371 
of  the  Stanford  conference.  The  initial  value  of  e/k  has  no 
effect  on  this  computation.  As  shown  in  Fig.  la,  computed 
and  measured  values  of  k  are  virtually  identical.  This  is  no 
major  surprise,  however,  as  the  ratio  of  d  to  0'  has  been 
chosen  to  insure  accurate  simulation  of  this  flow. 

B.  Effects  of  System  Roiiiion 

Turning  now  to  effects  of  system  rotation,  the  term  in  Eq. 
(5)  proportional  to  {  plays  a  central  role.  As  noted  earlier,  this 
term  is  borrowed  from  the  work  of  Bardina  et  al.'  Consistent 
with  their  work,  optimum  agreement  between  model-predicted 
and  measured  turbulent  energy  is  obtained  using  {  =  1 .  Fig¬ 
ures  lb- Id  compare  computed  and  measured  turbulent  energy 
for  rotation  rates  of  (I  =  0,  20,  and  80  s~ '.  In  all  three  cases, 
the  initial  value  of  the  dissipation  („  =  0’uk  has  been  assumed 
to  be  262  mVs’,  which  corresponds  to  the  three  different 
dissipation  rate  values  quoted.  Again,  the  ratio  (e/k)^  has  no 
effect  on  the  predicted  value  for  k.  As  shown,  computed 
turbulent  energies  are  well  within  the  scatter  of  the  experimen¬ 
tal  data. 

C.  Relurn  to  Isotropy 

The  least  satisfactory  of  all  the  homogeneous  turbulence 
applications  in  the  Stanford  conference  were  those  for  the 
return  of  initially  anisotropic  turbulence  to  isotropy.  Figures 
le-lh  compare  computed  and  measured  k,  and 
variation  with  time  for  cases  0373A-D.  Table  I  summarizes 
initial  values  used  for  dissipation  rate  (e/k) a  and  Rer-  As 
shown,  model  predictions  differ  from  corresponding  mea¬ 
sured  values  by  less  than  10%  for  all  four  cases.  The  predicted 
results  are  sensitive  to  the  initial  value  of  e/k,  but,  as  will  be 
discussed  in  the  next  subsection,  the  values  used  are  sensible. 

D.  Plane  Strain 

The  two  plane  strain  cases  included  in  the  Stanford 
conference  differ  in  the  value  of  the  strain  rate.  Flow  0374A, 
corresponding  to  the  experiment  performed  by  Townsend," 
has  t  =  dw/dz=  -  du/d.v  =  9.44  s*'.  Flow  0374B,  corre¬ 
sponding  to  the  Tucker-Reynolds'^  experiment,  has  approx¬ 
imately  half  of  this  value,  ('  =  4.45  s' '.  In  U;;  Stanford  con¬ 
ference,  the  portion  of  the  Tucker-Reynolds  experiment  for 
which  the  strain  rate  is  removed  and  the  turbulence  allowed  to 
approach  isotropy  (r>0.4s)  was  included  as  a  return  to 


Table  I  Suaamary  of  homogencou*  turbulence  lest  cases 


Flow  ID 

Description 

Figure 

Wo(  S  ) 

Rer 

(e/k)^ 

0371 

Decay  of  isotropic  turbulence 

1  a 

512 

53.5 

- 

0372A 

System  rotation;  0  =  0 

1  b 

2980 

2.0 

- 

0372B 

System  rotation:  0  =  20  s ' ' 

1  c 

2950 

2.0 

- 

0372C 

System  rotation;  0  =  80  s ' ' 

1  d 

2610 

2.6 

- 

0373A 

Return  to  isotropy 

1  e 

17 

6  6 

0.66 

0373B 

Return  to  isotropy 

1  f 

47 

5.0 

0.86 

0373C 

Return  to  isotropy 

1  8 

70 

9.5 

0.71 

0373D 

Return  to  isotropy 

1  h 

72 

24.2 

0.64 

0374A 

Plane  strain:  t  =  9.44  s ' ' 

1  1 

165 

14.8 

0.75 

0374B 

Plane  strain:  t‘=  4.45  s'' 

1  j 

100 

32.7 

0.75 

0376A 

Uniform  shear:  dU/dy  =  12.9  s' ' 

1  k 

84 

67.0 

0  80 

0376B 

Uniform  shear:  dU/by  =  48.0  s' ' 

1  1 

86 

138.0 

0  80 
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Fl|.  I  Compariion  of  computed  and  measured  lurbuleal  energy  and 

Reynolds  stresses  for  homogeneous  turbulence  ( - computed. 

0  a  o  A  *  meuurcd). 


isotropy  case,  flow  0373E.  In  the  computation  done  in  this 
study,  flows  0374B  and  0373E  have  been  combined  into  a 
single  computation. 

Figures  li  and  Ij  compare  computed  and  measured  varia¬ 
tions  of  k ,  iT^,  and  for  the  two  cases.  Just  as  with  the  wall 
layer,  an  asymptotic  analysis  shows  that  for  very  long  times 
the  ratio  of  e  to  it  approaches  a  constant  value  of  approx¬ 
imately  3/4  for  plane  strain.  The  Townsend  case  was  done 
using  an  initial  ratio  e/k  =  3/4.  Varying  the  initial  ratio 
between  1/2  and  >/IO  produces  less  than  a  ISV*  change  overall 
in  the  Reynolds  stress  components.  Figure  Ij  shows  the  results 
obtained  for  the  Tucker- Reynolds  case  using  initial  t/k  ratios 
of  3/4  (solid  curves)  and  9/10  (dashed  curves).  As  shown,  the 
primary  difference  appears  in  Using  the  larger  value 
produces  closer  agreement  between  theory  and  experiment. 
Consistent  with  the  asymptottc  analysis,  by  the  end  of  the 
computation  e/k  is  almost  exactly  3/4,  regardless  of  the  value 
used  for  {.e/k)^. 

Although  the  model  has  not  been  applied  to  any  of  the 
axisymmetric  strain  cases  included  in  the  Stanford  conference, 
we  have  numerically  investigated  the  asymptitic  solution  for 
large  time.  This  analysis  is  pertinent  to  the  return  to  isotropy 
cases  discussed  in  the  preceeding  subsection  because  the  exper¬ 
imental  setup  used  by  Uberoi*’  in  collecting  the  data  of  cases 
0373A-D  First  subjected  the  turbulence  to  axisymmetric 
strain,  followed  by  a  return  to  isotropy.  Interestingly,  the 
asymptotic  ratio  of  e  to  Jit  depends  on  the  ratio  of  the  strain 
rate  to  the  initial  value  of  w.  The  asymptotic  value  of  e/k  can 
range  from  1/2  to  almost  9/10.  As  noted  earlier,  the  values 
used  in  the  computations  for  flows  0373A-D  fall  within  this 
range. 

E.  Uniform  Shear 

The  final  applications  for  homogeneous  turbulence  are  for 
uniform  shear.  The  Stanford  conference  included  two  cases, 
flow  0376A  that  corresponds  to  the  experiment  by  Champagne 
et  al.’  in  which  the  mean  shear  is  dU/by  -  12.9  s ' and  flow 


a)  Velocity 


Ik*.* 


0  10  20  30  HO  50  60  TO  80  90  100 

1* 

b)  froOuctlen  and  dlailpatten 

Fig.  2  Comparison  of  computed  and  measured  sublayer  properties 
for  a  perfectly  smooth  surface. 


0376B  that  corresponds  to  the  experiment  by  Harris  et  al.'*  in 
which  the  mean  shear  is  bU/by  -  48.0  s  * Figures  Ik  and  II 
compare  computed  and  measured  Reynolds  stresses.  For 
uniform  shear,  the  asymptotic  value  of  e/k  for  large  lime  is 
4/5.  Both  computations  use  (e/k)^  =  4/S. 


V.  Viscous  Sublayer 

To  prepare  the  multiscale  model  for  application  to  flows 
with  solid  boundaries,  we  now  examine  the  limiting  form  of 
the  model-predicted  solution  for  the  viscous  sublayer.  The 
solution  exactly  parallels  the  perturbation  analysis  given  by 
Wilcox.^  For  a  perfectly  smooth  surface,  the  constant  in  the 
law  of  the  wall  B  is  defined  by 

"  I  1  “vV  „ 

(41) 

where  u,  is  friction  velocity  and  k  is  von  Kirmfin's  constant. 
Using  the  perturbation  analysis  procedure  described  by 
Wilcox,^  the  value  of  B  predicted  by  the  model  depends  on  the 
value  selected  for  the  closure  coefficients  a  and  a‘.  Using 
0  =  a*  =  Vi  yields 


B=5.2  (42) 

for  a  perfectly  smooth  surface.  Since  this  value  falls  well 
within  the  scatter  of  experimental  data,  this  computation 
serves  as  the  basis  for  selecting  the  values  quoted  for  o  and  o*. 
In  addition,  these  results  indicate  that  no  special  viscous 


NOVEMBER  1988 


MULTISCALE  MODEL  FOR  TURBULENT  FLOWS 


1317 


damping  terms  are  needed  for  any  of  the  multiscale  model’s 
closure  coefFicients  to  accommodate  integration  through  the 
VISCOUS  sublayer.  Figure  2  compares  computed  and  mea¬ 
sured'’'’  sublayer  properties.  As  shown,  differences  between 
theory  and  experiment  are  insignificant. 

VI.  Boundary-Layer  Applications 

A.  Incompressible  Boundary  Layers 

The  first  case  selected  is  the  boundary  layer  on  a  flat  plate 
for  which  the  pressure  is  constant.  This,  and  all  of  the  steady 
boundary-layer  computations  reported  in  this  paper,  have 
been  done  with  a  two-dimensional  or  axisymmetric  boundary- 
layer  program  named  EDDYBL.’“  The  computation  extends 
from  a  plate-length  Reynolds  number  Re,  of  1.0  x  10*  to 
10.9  X  10*.  Figures  3a  and  3b  compare  computed  and  mea¬ 
sured  skin  friction  C/  and  velocity  profiles.  As  expected, 
differences  between  theory  and  experiment  are  almost  in¬ 
significant,  with  the  largest  differences  being  less  than  3Vo. 

The  next  two  cases  focus  on  effects  of  adverse  pressure 
gradient.  Two  cases  are  selected;  the  moderate  adverse  grad¬ 
ient  case  of  Bradshaw”  (case  3300)  and  the  increasingly 
adverse  gradient  case  of  Samuel  and  Joubert'  (flow  0141).  For 
the  Bradshaw  case.  Figs.  3c  and  3d  compare  computed  and 
measured  skin  friction  and  a  velocity  profile  at  the  final 
station.  Differences  between  theory  and  experiment  are  almost 
undetectable.  For  the  Samuel-Joubert  case.  Figs.  3e-3g  com¬ 
pare  computed  and  measured  How  properties.  As  shown, 
computed  and  measured  skin  friction  differ  by  less  than  3'7o, 
velocity  profiles  are  nearly  identical,  and  Reynolds  shear- 
stress  profiles  differ  by  less  than  7^e. 

B.  Compressible  Boundary  Layers 

As  a  first  test  of  the  multiscale  model  for  compressible 
flows,  we  consider  flows  8 101  and  8201  of  the  second  Stanford 
conference.'  Flow  8101  addresses  the  adiabatic  wall  case  with 
freestream  Mach  numbers  ranging  from  0  to  5.  For  each  Mach 
number,  computation  begins  at  Re,  »  1.0  x  10*  and  continues 
to  the  point  where  momentum-thickness  Reynolds  number  is 


Fig.  3  Compaiitun  of  computed  and  measured  skin  friction  and 

pronies  for  incompressible  boundary  layers  ( - computed, 

0  0  0  meuurcd). 


10,000.  Figure  4a  compares  computed  ratio  of  skin  friction  to 
the  incompressible  value  with  the  correlation  developed  by 
Rubesin  for  the  second  Stanford  conference.  Differences  be¬ 
tween  computed  ratios  and  correlated  values  are  trivial. 

Flow  8201  focuses  on  effects  of  surface  temperature  on  fiat- 
plate  skin  friction.  For  this  round  of  computations  the 
freestream  Mach  number  is  5;  the  ratio  of  surface  temperature 
to  the  adiabatic  wall  value  ranges  from  0.2  to  1.0.  Again, 
computation  begins  at  Re,  =  1.0  x  10*  and  terminates  when 
momentum-thickness  Reynolds  number  is  10,000.  Figure  4b 
compares  the  predicted  ratio  of  C/  to  the  incompressible  value 
with  Ru’.'esin’s  correlation  for  the  range  of  surface  tempera¬ 
tures  considered.  Differences  between  predicted  values  and 
correlated  values  nowhere  exceed  4*70. 

The  final  compressible  boundary-layer  application  is  for  a 
Mach  4,  adiabatic-wall  boundary  layer  subjected  to  an  adverse 
pressure  gradient.  The  data  are  attributed  to  Zwarts  and 
correspond  to  flow  0842  of  the  second  Stanford  conference. 
Figure  S  presents  results  of  the  computation.  As  shown, 
computed  and  measured  skin  friction  Q,  shape  factor  H,  and 
momentum  thickness  6  differ  by  less  than  8*70. 


Fig.  4  Comparison  of  compuied  and  measured  effKi  of  freestream 
Mach  number  and  surface  cooling  on  flat-plate  boundary-layer  skin 
friction. 


Fig.  S  Comparison  of  computed  and  measured  properties  for  a 
Macb  4  boundary  layer  with  adverse  pressure  gradient. 
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C.  Unslcidy  Boundary  Laytrs 

The  final  round  of  applications  is  for  incompressible, 
unsteady  turbulent  boundary  layers.  These  flows  pose  a  diffi¬ 
cult  challenge  to  the  model  because  many  complicated 
frequency-dependent  phenomena  are  generally  present,  in¬ 
cluding  periodic  separation  and  reattachment. 

/.  Cases  Analyzed 

To  test  the  model  equations  for  unsteady  boundary  layers, 
we  have  simulated  the  experiments  performed  by  Jayaraman 
et  al.^'  In  these  experiments,  a  well-developed  steady  turbulent 
boundary  layer  enters  a  test  section  that  has  been  designed  to 
have  freestream  velocity  that  varies  according  to 

Uf-U^\\-ax'[\-  cos(2ir/f)  ]  1 

X-  '  =  (AT  -Xo)/(Jf, -Jfo)  (43) 

The  quantity  x '  is  the  fractional  distance  through  the  test 
section  where  Xo  and  x,  are  the  values  of  streamwise  distance 
X  at  the  beginning  and  end  of  the  test  section,  respectively. 

Thus,  an  initially  steady  equilibrium  turbulent  boundary 
layer  is  subjected  to  a  sinusoidally  varying  adverse  pressure 
gradient.  The  experiments  were  performed  for  low  and  high 
amplitude  unsteadiness  characterized  by  having  a  e;  0.05  and 
0.2S,  respectively.  For  both  amplitudes,  experiments  were 
conducted  for  five  frequencies  ranging  from/  =  0. 1  to  2.0  Hz. 
The  computations  simulate  nine  of  the  experiments,  including 
all  five  of  the  low-amplitude  cases  and  all  but  the  lowest 
frequency  case  for  high  amplitude.  Complete  details  about  the 
numerical  method,  finite-difference  grids,  and  other  pertinent 
computational  details  are  given  by  Wilcox.'* 

3.  Numerical  Considerations 

a)  Numerical  algorithm.  The  numerical  algorithm  used 
for  the  computations  is  an  unconditionally  stable  implicit 
marching  method.  The  scheme  is  second-order  accurate  in  the 
direction  normal  to  the  surface.  For  stability,  particularly 
through  separation,  the  computational  procedure  uses  upwind 
differencing  for  the  streamwise  convection  terms.  Although 
the  algorithm  is  unconditionally  stable,  the  presence  of  source 
terms  in  the  turbulence  model  equations  makes  the  equations 
sufficiently  stiff  to  preclude  using  a  streamwise  Courant 
number  C,  =  Ul^i/Xx  in  excess  of  approximately  0.6.  By 
contrast,  the  boundary-layer  computations  are  stable  with  a 
viscous  Courant  number  C,  =  2i'^r/(^>)’  in  excess  of  600. 

Integration  through  separation  is  accomplished  by  comput¬ 
ing  the  streamwise  convective  term  in  the  momentum  equation 
according  to 

du 

=  maxl0,ul-—  (44) 

where  Au/Ax  is  the  finite-difference  approximation  to  du/dx. 
In  other  words,  on  regions  of  reverse  flow  we  set  the 
streamwise  convective  term  to  zero.  This  is  the  procedure  first 
implemented  by  Reyhner  and  Flugge-Lotz.^’ 

b)  Dala  reduction.  In  order  to  compare  computed  and 
measured  flow  properties,  we  must  decompose  any  flow 
property  ^(x,/)  in  terms  of  three  components,  that  is, 

y{x,t)  =  /(X)  +  y{x,t)  +  y  '(x,t)  (45) 

where  J’(x)  is  the  long-time  averaged  value  of  y(x,t) ,  y(x,y) 
is  the  organized  response  component  due  to  the  imposed 
unsteadiness,  and  y'(x,t)  is  the  turbulent  fluctuation.  In 
order  to  extract  the  quantities  presented  in  graphical  form  by 
Jayaraman  et  al.,  we  first  note  that  what  the  program  com¬ 
putes  is  the  phase-averaged  component  (yix,/)  >  defined  by 

(yix.t))  +  y{x,t)  (46) 


Jayaraman  et  al.  expand  <>’(x,r)  >  in  a  Fourier  series  accord¬ 
ing  to 

Oi 

<y{x,t))  =J’(x)  +  E/I„,,(x)  cos[2n st/l  +<t>„Jx)]  (47) 

ft  »  I 

Velocity  profile  data,  for  example,  are  presented  by  Jayara¬ 
man  et  al.  in  terms  of  fii(x),  -4i,„(x),  and  0|.„(x).  These 
quantities  have  been  extracted  from  the  boundary-layer  solu¬ 
tion  by  the  normal  Fourier  decomposition  by  computing  the 
following  integrals: 

,1/ 

fii(x)  =/  (u(x,t))dt  (48) 

.'O 

,•17 

/l,.„(x)  COS0|.„  =/  <u(x,r)  >cos(2ir/f)d/  (49) 

Jo 

,•17 

A,.„(x)  sinc>i,„  = -/  (u(x,/)>sin(2»/r)df  (50) 

Jo 

3.  Results 

a)  Zero  frequency  limit.  Before  proceeding  to  the  un¬ 
steady  computations,  we  first  test  for  consistency  with  a  key 
observation  made  by  Jayaraman  et  al.  for  the  limit  of  zero 
frequency.  On  the  one  hand,  they  find  that  for  the  mean 
velocity  given  by  Eq.  (43)  with  /  -  0  and  a  =  0.25,  massive 
separation  occurs  in  the  test  section.  On  the  other  hand,  even 
at  the  smallest  frequency  for  which  experiments  were  done, 
when  /  is  not  zero  the  observed  flow  is  much  more  well 
behaved.  On  the  average,  the  boundary  layer  remains  at¬ 
tached,  although  at  some  frequencies  for  the  high-amplitude 
cases  periodic  separation  and  reattachment  occurs. 

Part  of  the  reason  for  this  behavior  is  explained  by 
Jayaraman  et  al.  When  we  itif-  0,  the  pressure  gradient  is 
given  by 

^^oUlo(\-ax')  for/=0  (51) 

However,  because  of  the  nonlinearity  of  the  convective  terms 
in  the  momentum  equation,  for  any  nonzero  /,  the  mean 
(long-time  average)  pressure  gradient  is 

^  =  pt/p'fl(  1  -  ^ox '  ]  for  /  ^  0  (52) 

The  gradient  for  /  ^  0  is  thus  reduced  (for  adverse  gradient, 
i.e.,  for  a  >0)  and  is  less  likely  to  cause  separation. 

To  test  the  model’s  consistency  with  this  observation,  two 
steady  computations  have  been  done,  the  first  using  the 
pressure  gradient  for  /  =  0  |Eq.  (51)|  and  the  second  for  the 
gradient  given  in  Eq.  (52).  The  computations  have  been 
performed  with  the  steady  boundary-layer  program  EDDYBL 
and  with  the  new  unsteady  program.  Using  a  value  for  a  of 
0.25,  our  predictions  match  those  described  by  Jayaraman  et 
al.  For  the  pressure  gradient  in  Eq.  (51),  the  boundary  layer 
separates  at  x'=0.87.  By  contrast,  when  the  pressure 
gradient  of  Eq.  (52)  is  used,  the  boundary  layer  remains 
attached  throughout  the  test  section. 

b)  Low-amplitude  cases.  For  each  of  the  low-amplitude 
cases,  computation  continues  for  at  least  five  and  has  as  many 
as  ten  periods.  This  proves  sufficient  to  achieve  a  periodic 
solution  as  determined  by  monitoring  skin  friction.  Figure  6 
compares  computed  and  measured  velocity  profiles  at 
x*  =0.88  for  the  five  low-amplitude  cases.  As  shown,  cr:im- 
puted  mean-velocity  profiles  differ  from  corresponding  mea¬ 
sured  profiles  by  no  more  than  5%  of  scale.  Comparison  of 
computed  and  measured  -4,,„  profiles  shows  that,  consistent 
with  measurements,  unsteady  effects  arc  confined  to  the 
near-wall  Stokes  layer  at  the  higher  frequencies  If  >0.5  Hz). 
By  contrast,  at  the  two  lowest  frequencies,  the  entire  boundary 
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layer  is  affected  with  significant  amplification  of  the  orga* 
nized  component  occuring  away  from  the  surface.  Differences 
between  the  numerical  and  experimental  proHles  are  less 
than  10<l?«.  Computed  and  measured  phase  profiles  are 
very  similar  with  differences  nowhere  exceeding  S  deg. 

c)  High-amplilude  cases.  Figure  7  compares  computed 
and  measured  velocity  profiles  at  x '  ^  0.94.  As  with  the  low< 
amplitude  cases,  computed  and  measured  d(x)  profiles  lie 
within  SVt  of  scale  of  each  other.  Similarly,  the  computed  A 
and  profiles  differ  from  the  corresponding  measured 
profiles  by  less  than  lOVt.  To  provide  a  measure  of  how 
accurately  temporal  variations  have  been  predicted.  Fig.  8 
compares  computed  and  measured  shape  factor  through  a 
complete  cycle  for  all  four  frequencies.  Differences  between 
computed  and  measured  shape  factors  are  less  than  S^o. 


d)  k‘U  model  predictions.  The  high>amplitude  cases  have 
also  been  computed  using  the  k‘u  model.  Results  are  im'luded 
in  Fig.  8,  which  shows  that  the  k-u  and  multiscale  model 
predicitons  differ  by  only  a  few  percent.  Although  it  is  pos> 
sible  that  the  test  cases  are  not  as  difficult  as  we  expected,  this 
seems  unlikely  in  view  of  the  wide  Strouhal  number  range  and 
the  fact  that  periodic  separation  and  reattachment  are  present. 
More  likely,  the  k-w  model  fares  well  because  all  of  the  cases 
have  attached  boundary  layers  through  most  of  each  cycle  and 
in  the  mean. 

Vll.  Summary  and  Conclusions 
A  new  turbulence  model  has  been  devised  that  describes 
turbulence  in  terms  of  two  energy  scales.  The  two  scales 
correspond  to  a  lower  and  an  upper  partition  of  the  turbulence 


1320 


D.  C.  WILCOX 


AlAA  JOURNAL 


Kl(.  t  Compiirisoii  of  conpuud  and  mtaiurtd  itmporal  varitlloo 
of  tkapt  factor  for  the  ki|h«ampllludt  cam  (  -  -  >  -  model. 
- maltlMiatf  model,  •  mcaturtdi. 


energy  spectrum,  with  the  upper  partition  corresponding  to 
the  lowest  frequency  eddies.  Closure  approximations  have 
been  designed  to  reflect  as  much  as  possible  the  physics  of 
turbulent  flow  processes  and  to  obviate  limitations  attending 
the  Boussinesq  approximation. 

Results  of  the  theory's  application  to  homogeneous  turbu¬ 
lence  are  very  satisfactory.  Virtually  all  of  the  second  Stanford 
conference  test  cases  have  been  predicted  to  within  experimen¬ 
tal  error.  Applications  to  the  viscous  sublayer  indicate  that, 
similar  to  the  k-u  model  that  serves  as  the  foundation  on 
which  the  multiscale  model  rests,  no  special  modifications  to 
the  closure  coefficients  are  needed  to  accommodate  integra¬ 
tion  through  the  sublayer.  Results  of  the  steady  boundary- 
layer  computations  indicate  the  model  is  even  more  accurate 
than  the  Wilcox  k-ta  model  for  adverse  pressure  gradient. 

From  a  numerical  viewpoint,  the  new  model  is  quite 
efficient,  especially  for  the  steady  cases.  Typically,  there  is 
only  a  30%  increase  in  computing  time  relative  to  the  k-u 
model  for  steady  boundary-layer  computations;  the  increase  is 
typically  70%  for  unsteady  computations. 

The  unsteady  boundary-layer  computations  offer  the  first 
definitive  measure  of  how  accurately  the  multiscale  model 
simulates  the  physics  of  turbulent  boundary  layers.  For  a  wide 
range  of  Strouhal  numbers,  the  multiscale  model  more  or  less 
duplicates  the  structure  of  a  turbulent  boundary  layer 
subjected  to  a  sinusoidally  varying  adverse  pressure  gradient. 
As  somewhat  of  a  surprise,  the  two-equation  model  is  just  as 
accurate  for  these  flows. 
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APPENDIX  C:  3-D  BOUNDARY-LAYER  APPLICATIONS 


The  paper  reproduced  in  this  appendix  was  presented  ai  the  AIAA  25*''  Aerospace  Sciences 
Meeting,  held  in  Reno,  Nevada,  January  12-15, 1987.  The  formal  reference  to  this  paper  is 
as  follows. 

Wilcox,  D.  C.,  "Advanced  Applications  of  the  Multiscale  Model  for  Turbulent 
Flows,"  AIAA  Paper  87-0290,  Jan.  1987. 

While  the  unsteady  boundary  layer  results  in  this  paper  were  ultimately  included  in  the 
paper  reproduced  in  Appendix  B,  the  pai^r  includes  three-dimensional  boundary  layer 
applications  that  were  not  published.  There  is  also  a  shock-induced  separation  computation 
that  suggested  the  multiscale  model  would  prove  superior  to  the  k-u  model  for  such  flows. 
While  this  indeed  proved  to  be  true,  the  unsteadiness  observed  in  the  computation  reported 
proved  to  be  numerical  in  origin. 
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ADVANCBD  APPilCATIONS  OF  THB 
NULTISCALB  MODEL  FOB  TUHBULENT  FLOWS 

Duvid  C.  Wilcox* 

DCW  Industries,  Inc. 

La  Canada,  California 


Abstract 

The  new  "Multiscale"  model  for  turbulent 
flows  developed  by  the  author  has  been 
subjected  to  a  series  of  rigorous  applica¬ 
tions  to  test  its  accuracy  in  simulating 
complex  phenomena.  The  applications  in¬ 
clude  three-dimensional  boundary  layers, 
shock-induced  boundary  layer  separation, 
and  unsteady  boundary  layers.  Results  of 
the  applications  indicate  the  multiscale 
model's  predictive  accurscy  is  comparable 
to  that  of  two-equation  turbulence  models 
for  attached  boundary  layers  and  may  be 
profoundly  superior  for  separated  flows. 


1.  Introduction 

This  work  is  the  result  of  the  third  phase 
of  a  continuing  turbulence-modeling  effort 
initiated  after  the  Second  Stanford  Olym¬ 
pics*.  The  first  phase  led  to  development 
of  a  new  two-equation  turbulence  model 
which  is  far  more  accurate  than  any 
existing  model  for  boundary  layers  in  an 
adverse  pressure  gradient*.  Additionally, 
the  two-equation  model  analysis  laid  the 
foundation  for  making  even  more  signifi¬ 
cant  improvements  in  the  closure  scheme 
for  an  improved  engineering  model  of 
turbulence.  The  second  phase  led  to 
development  of  a  new  turbulence  model, 
viz,  the  "multiscale"  model,  which 
describes  the  turbulence  in  terms  of  two 
energy  scales*.  Host  importantly,  the 
multiscale  model  is  not  inhibited  by  the 
Boussineeq  approximation  in  which  mean- 
strain-rate  and  Reynolds-streas  tensors 
have  parallel  principal  axes. 

The  first  two  phases  of  this  study  have 
focused  upon  theoretical  development  of 
the  new  models,  and  applications  have  been 
limited  to  attached,  two-dimensional 
boundary-layers.  The  primary  purpose  of 
the  third  phase  is  to  address  much  more 
complex  flows  in  testing  the  multiscale 
model.  This  paper  presents  three  types  of 
advanced  applications  including:  three- 
dimensional  boundary  layers;  shock- 
aeparated  turbulent  boundary  layers;  and 
unsteady  turbulent  boundary  layers.  In 
all  cases,  comparisons  with  experimental 
data  are  presented. 

A  novel  feature  of  this  phase  of  the  re¬ 
search  project  is  the  fact  that  all  of  the 
numerical  computations,  including  the 
Navier-Stokes  cases,  have  been  done  on  a 
desk  top  microcomputer.  The  computer  used 
IS  an  ATliT  PC  6300  equipped  with  the 
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Oefinicon*  Motorola  68020/68881  based  DSI- 
020  coprocessor  board.  The  machine  has 
been  found  to  have  the  computing  power  of 
a  VAX  11-780. 

Section  2  presents  the  multiscale  model 
equations,  including  values  of  all  closure 
coefficients.  Sections  3,  4  and  S  include 
results  of  the  applications.  The  conclud¬ 
ing  section  summarizes  research  findings. 


2.  Kouations  of  Motion 

Before  proceeding  to  the  applications,  it 
IS  instructive  to  state  the  equations  of 
motion  used  for  the  various  applications. 
First  of  all,  we  must  solve  the  mass- 
averaged*  equations  for  conservation  of 
mass,  momentum  and  energy,  viz. 


bp/bt  ♦  b/bxi(puj)  s  0  (1) 


b/bt(pui)  t  b/bxi  (pui  Uj '*pSu -fl  1  ]  :  0  (2) 


b/bt(pE)  ■*  b/bxj  (pui  H-Ui  Ti  1 +qj 

-(M+e'MT)bk/bxj  ]  =  0  (3) 


where  t  is  time,  xi  is  position  vector,  ui 
is  velocity  vector,  p  is  density,  p  is 
pressure,  vij  is  stress  tensor  and  qj  is 
heat-flux  vector.  In  Equation  (3),  the 
quantities  £: s^k-iu,  u, /2  and  H^h'tk^u,  u, /2 
are  total  energy  and  total  enthalpy, 
respectively,  with  h^s-^p/p.  Additionally, 
p  and  MT  are  molecular  and  eddy  viscosity, 
k  IS  turbulent  energy  and  a*  is  a  closure 
coefficient.  The  heat  flux  vector  is 
computed  according  to 


qi  -  -(p/Prt+pT/Prt )bh/bxj  (4) 


In  order  to  close  this  system  of  equa¬ 
tions,  we  must  postulate  a  relation 
between  the  stress  tensor,  t, i ,  and  mass- 
averaged  flow  properties.  The  multiscale 
model  computes  ti i  according  to 


t»  j  s  2p[St  j -* /i  p(  bus /bXk  }  <)  1  } 

+  pTij  -  */3peJii  (6) 


where  Si  i  =* /«  (bu, /bxi '*bui /bxi  )  is  the  mean 
strain  rate  tr..sor,  pTi  j  is  the  "large 
eddy"  contribution  to  the  Reynolds-streas 
tensor  and  pe  is  the  energy  of  the  "small" 
eddies . 


Copmzkl  &  AmciKiB  laililult  of  AcrottuUci  tml 
AurouulKi.  lac..  IVI7.  Alt  nikii  rtwncd. 
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The  energy  of  the  "large”  eddiea,  p(k-e), 
and  the  energy  of  the  "saall"  eddies,  pe, 
are  coaputed  froa  the  following  equations. 


V%t(pk}  +  h/bxj  [puj  k-( p+o* MT ) hk/bx. 


=  %ijbui/bxj  -  0*pwk 


Vht[p(k-e))  +  b/hxj  I  puj  (k-e)  ] 

=  (l-S-B)«(jbui/l>xj  -  0*puk(l-e/k)*^*  (7) 


where  a,  B  and  B*  are  clnsure  coef" 
ficienta,  and  j  =pTu -^/speSu  ia  the 
Heynolda  streaa  tenaor.  Alao,  the  quan¬ 
tity  u  ia  the  diaaipation  rate  which 
aat iafiea 


b/bt(pu)  *  b/hXj  [puj  W- (  p-^OMT  )  bu/bxj )  ] 
~  ( Tu/k)iu  hui /bxj  -  Bpu* 

-  t  Bpu^TISTTSr#’ 


where  (Vn /a (bus/hxn-bun/bxs )  ia  the  aean 
rotation  tenaor.  The  quantitiea  0,  Y,  t 
and  o  are  additional  cloaure  coefficienta. 
Note  alao  that  the  eddy  viacosity,  pt , 
appearing  in  Bquationa  (3,  4,  6  and  8)  ia 
defined  by 


pr  =  pk/w  (9) 

Finally,  the  "large"  eddy  Reynolds  stress 
equation  ia 

b/bt(pTij)  b/bxk  ( put  Ti  j ) 

=  -  P.j  +  E,^  (10) 


eatubliahed  in  the  prior  study  by  Wilcox^. 
No  changes  in  those  coefficients  have  been 
Bade  for  any  of  the  applications  in  this 
study.  The  values  of  the  closure 
coefficients  are  as  follows. 


=  42/55,  B  =  6/65,  7 


=  3/40,  Y  =  4/5,  o 

=  9/100,  t  =  1  ,  o* 

Cl  =  1  +  4(l-e/k)3''* 


3.  Three-Diaensional  Boundary  Lavers 

The  first  set  of  applications  is  for 
three-diaensional  (3-D)  boundary  layers. 
These  flows  present  challenging  tests 
because  the  possibility  of  anisotropic 
shear  arises  in  three  diaensions,  i.e., 
the  effective  eddy  diffusivity  can  be 
different  depending  upon  direction.  Con¬ 
sequently,  any  turbulence  aodel  such  as 
the  Bultiscale  aodel  which  avoids  using 
the  Boussinesq  approxiaation  has  the 
potential  for  acre  accurate  predictions 
than  those  Bade  with  a  aodel  in  which 
streaa  is  proportional  to  strain  rate. 

3.1  Cases  Analysed 

Two  cases  have  been  analysed,  both  corre¬ 
sponding  to  flow  over  a  ship  hull,  viz, 
the  SSPA  Model  720  and  the  HSVA  Tanker. 
The  two  cases  are  froa  the  1980  SSPA-ITTC 
Workshop  on  ship  boundary  layers*.  In 
addition  to  coaparing  aultiscale-aodel 
predictions  with  experiaental  data,  re¬ 
sults  of  the  coaputations  have  also  been 
coapared  to  predictions  aade  with  the 
aixing-length  aodeP  and  with  the  Wilcox^ 
k-u  aodel . 

3.2  Nuaerical  Considerations 


where  Eij  represents  the  exchange  of 
energy  aaongst  the  aean,  large-eddy  and 
saall-eddy  energies.  With  the  aultiscale 
aodel,  we  postulate  that 


Eij  =  -C»  0*w{%i  j  •••*/spkti  j )  +  BiPij  ♦  BDij 
♦  7pk(Si  j  -  Vs  but /bxk  ti  j ) 

*  */3Puk(l-e/k)*^**.j  (11) 


where  Ci  and  7  are  closure  coefficients. 
The  tensors  Pi j  and  Oij  are  the  conven¬ 
tional  production  tensors  defined  by 


Pij  -  f  I  •  bUj  /  bXa  •  bui /bXa 


Oij  =  ^labua/bxj  Y^jsbUa/bXi 


Finally,  the  ten  closure  coefficients 
appearing  in  Equations  (1-11)  have  been 


Nuaerical  Alsorttha.  The  coaputations 
have  been  perforaed  with  a  3-D  boundary 
layer  prograa,  EDDYS*,  which  uses  the 
Krauss*  algoritha  coupled  with  the 
Blottner>°  variable  grid  aethod.  Addi¬ 
tionally,  the  prograa  uses  the  procedure 
devised  by  Wilcox‘>  to  perait  large 
straaawise  steps.  To  iaprove  stability  of 
the  Krauss  algoritha,  the  integration 
direction  alternates  froa  keel  to  water¬ 
line  and  vice  versa  as  integration  froa 
bow  to  stern  proceeds. 

Boundary  Conditions.  Both  coaputations 
use  the  Workshop  supplied  Oouglas-Neuaaon 
inviscid  velocity  distribution.  Coaputa- 
tion  is  initiated  froa  ful 1 y-turbulent 
boundary-layer  profiles  at  x/L^.E  and 
x/L=.l  for  the  SSPA  Model  720  and  the  USVA 
Tanker,  respectively,  where  L  is  hull 
length.  The  profiles  used  Batch  the  aeas- 
ured  BoaentuB  thickness,  shape  factor  and 
skin  friction. 

Finite  Difference  Grid.  Coaputation  is 
perforaed  on  a  nonorthogonal  grid  which 
peraits  precise  definition  of  hull  shape 


from  keel  to  waterline.  For  the  SSPA 
Hodel  720,  the  finite-difference  mesh 
consists  of  approximately  75  steps  in  the 
strcamwisc  direction,  21  equally-spaced 
points  from  keel  to  waterline,  and  an 
average  of  40  points  normal  to  the  hull. 
The  HSVA  Tanker  computations  have  a  mesh 
with  approximotely  70  streamwise  steps,  15 
points  from  keel  to  waterline  and  an  aver¬ 
age  of  50  points  normal  to  the  hull. 
Consistent  with  the  Doug las-Neumann  compu¬ 
tation,  both  the  keel  and  the  waterline 
have  been  treated  as  symmetry  planes. 

Computing  Time.  Table  1  summarizes  total 
computing  time  using  our  Definicon 
Motorola  68020/68881  based  desk  top  micro¬ 
computer.  By  comparison,  a  comparable 
two-equation  model  computation  for  the 
SSPA  Modal  720  requirea  approximately  15 
minutea  on  a  UNIVAC  1108  mainframe 
computer. 

Table  1.  3-0  Boundary-Layer  Computing  Time 


Ship  Hull 

Mixing 

Two 

Multi- 

Model 

Length 

Equation 

scale 

SSPA  720 

11  min 

29  min 

46  min 

HSVA  Tanker 

8  min 

28  min 

30  sin 

3.3  Weaulta 

SSPA  Model  720.  Figure  1  compurea  com¬ 
puted  and  meaaurad  momentum  thickneaa,  I, 
on  three  linea  along  the  hull.  line  A  ia 
the  keel  line.  Line  B  la  a  line  well 
below  the  waterline  where  the  boundary 
layer  ia  more-or-lesa  of  the  cleaaical 
"thin"  variety.  Line  C  ia  cloaer  to  the 
waterline  and  the  boundary  layer  ap¬ 
proaches  the  more  complicated  "thick" 
atructure  where  terms  such  as  bp/by  become 
important . 

Along  Line  A,  the  boundary  layer  is  truly 
three  dimensional  as  exhibited  by  its 
unusual  behavior  approaching  the  stern. 
Specifically,  despite  entering  a  region  of 
adverse  pressure  gradient,  the  momentum 
thickness  decreaaes.  This  behavior  occurs 
because  of  large  flow  divergence  near  the 
stern.  The  multiscale  and  k-w  model  pre¬ 
dictions  fall  within  experimental  data 
scatter  while  the  mixing-length  prediction 
lies  about  20%  above  measured  values. 
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Figure  1.  Comparison  of  computed  and 
measured  momentum  thickness  for  the  SSPA 

Hodel  720.  - Mixing  Length,  — k-w, 

and—  Multiscale. 


Along  Line  B,  predictions  of  all  three 
models  are  very  close  to  one  another,  and 
all  overshoot  measured  values  of  l/L  by 
between  25%  and  30%  approaching  the  stern. 
The  most  noticeable  difference  amongst  the 
predictions  is  that  the  mixing-length 
boundary- layer  separates  earlier  than  that 
of  the  aultiscale  or  k-w  models. 

Along  Line  C,  the  aultiscale  and  k-w  model 
predictions  are  both  within  10%  of  meas¬ 
ured  values.  By  contrast,  the  mixing- 
length  prediction  is  close  to  measured 
values  up  to  x/L=.7;  beyond  this  point  the 
boundary  layer  separates  much  earlier  than 
indicated  by  the  data. 


HSVA  Tanker.  Figure  2  compares  computed 
and  measured  •  on  three  sections,  viz,  for 
x/L=.13,  .65  and  .75.  Note  that  the  ab¬ 
scissa,  z,  is  the  dimensionless  girth  with 
z^O  on  the  keel  and  z=l  on  the  waterline. 

Inspection  of  Figure  2  shows  that,  for 
x/L=.13  and  .65,  computed  values  of  t  for 
all  three  models  are  within  10%  to  15%  of 
corresponding  measurements.  On  x/L=.75, 
the  mixing-length  model  predicts  boundary- 
layer  separation  over  most  of  the  section. 
By  contrast,  the  aultiscale  and  k-w  models 
follow  the  general  trend  of  the  data  over 
moat  of  the  section. 
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While  the  nixing-length  Bodel's  prediction 
of  premature  separation  is  a  definite 
indication  of  its  inadequacy  for  this 
flow,  the  30it  differences  between  computed 
and  measured  0  on  x/L=.75  for  the  multi¬ 
scale  and  k-u  models  are  unsurprising. 
That  is,  approaching  the  stern  we  expect 
the  boundary  layer  to  become  "thick"  so 
that  classical  thin-shear-layer  approxima¬ 
tions  become  suspect.  Since  BDDY3  is 
based  upon  these  approximations,  discrep¬ 
ancies  should  be  expected  this  close  to 
the  stern.  However,  as  shown  by  Wilcox^^, 
by  accounting  for  bp/by  with  an  integral- 
method  approach  coupled  to  the  normal 
computational  sequence,  most  of  these  dis¬ 
crepancies  can  be  eliminated. 
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Figure  2.  Comparison  of  computed  and 
measured  momentum  thickness  for  the  HSVA 

Tanker.  - Mixing  length,  — k-u,  and 

——  Mult  xscale. 


Summary.  On  the  one  hand,  for  both  of  the 
ship  hulls  considered,  the  multiscale 
model  is  clearly  superior  to  mixing 
length.  On  the  other  hand,  it  offers 
little  improvement  over  the  k-u  model. 
Thus,  our  three-dimensional  boundary-layer 
applications  show  no  advantage  in  using 
the  multiscale  model.  The  reason  for  this 
may  be  that  we  have  unknowingly  selected 
flows  in  which  anisotropic  shear  is 
absent.  More  tests  will  be  needed  to 
determine  whether  or  not  a  model  no  more 
complex  than  the  k-u  model  is  all  that  is 
needed  to  achieve  accurate  predictions  for 
3-D  boundary  layers. 


4.  Navier-Stokes  Applications 

The  next  round  of  applications  is  for  Mach 
3  turbulent  boundary  layers  which  undergo 
separation  caused  by  reflection  of  an 
oblique  shock  wave  from  a  flat  plate. 
Such  interactions  pose  an  extremely 
difficult  test  for  a  turbulence  model 
because  of  the  sudden  changes  in  mean 
strain  rate  attending  separation  and 
reattachment . 

4.1  Cases  Analyzed 

Perhaps  partly  for  sentimental  reasons  and 
certainly  because  of  convenience  (we  still 
have  the  original  graphs  and  experimental 
data),  we  have  repeated  two  of  the  six 
caaes  done  in  1974  by  Wilcox^  with  aome- 
what  coarse  finite  difference  grids.  In 
1974,  the  Wilcox  computations  were  the 
first  of  their  kind  using  an  advanced 
(two-equation)  model  of  turbulence.  Thus, 
repeating  the  computations  with  a  more 
modern  turbulence  model,  numerical  proce¬ 
dure  and  computer  provides  an  interesting 
historical  perspective,  if  nothing  else. 
Figure  3  schematically  illustrates  the 
simulated  flowfield,  viz,  an  oblique  shock 
impinging  on  a  flat  plate. 
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Figure  3.  Schematic  of  the  flowfield  for 
reflection  of  an  oblique  shock  wave  from  a 
flat  plate  in  a  viscous  flow. 


Freestream  Mach  number  is  3  and  Reynolds 
number  based  on  thickness  of  the  upstream 
boundary  boundary  layer  is  2.5*10^.  We 
have  dune  two  cases  with  the  new  k-w 
model,  distinguished  as  follows. 
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Case 

1. 

The 

incident 

shock 

deflects 

the 

freestream  flow  by  0 

=  9.87® . 

Case 

2. 

The 

incident 

shock 

deflects 

the 

freestream  flow  by  6  =  12.75®. 


Additionally,  we  have  done  the  stronger 
shock  computation  (Cose  2)  using  the 
multiscale  model. 

4.2  Numerical  Considerations 

Numerical  Algorithm.  The  computations 
have  been  done  with  a  two-dimensional 
Navier-Stokes  program  based  on  the  implic¬ 
it  algorithm  devised  by  NacCormack* * . 
These  computations  demonstrate  how  numeri¬ 
cally  well-behaved  the  multiscale  model 
appears  to  be.  The  same  grid  and  timestep 
have  been  used  for  both  the  k-u  and  multi¬ 
scale  models.  In  addition,  both  models 
have  been  integrated  through  the  sublayer, 
with  a  viscous  Courant  number, 
C»  =2viil/(iiy)*  ,  of  about  40. 

Boundary  Conditions.  Upstream  boundary 
conditions  for  oil  computations  have  been 
obtained  from  our  two-dimensional  boundary 
layer  program,  EDDYBL‘®. 

Finite  Difference  Grid.  The  computational 
domain  is  12.5So  long  by  6to  high,  where 
So  is  the  thickness  of  the  incident  bound¬ 
ary  layer.  The  finite  difference  grid  is 
rectangular  and  consists  of  32  equally- 
spaced  points  between  upstream  and  down¬ 
stream  boundaries,  while  36  points  lie 
between  the  lower  and  upper  boundaries. 
The  first  20  grid  points  normal  to  the 
surface  extend  to  y~Si>\  grid-point  spacing 
increases  in  a  geometric  progression  with 
a  32k  grading  ratio.  The  remaining  16 
points  are  equally  spaced,  covering  the 
region  from  y=So  to  y=6So . 

Computing  Time.  Table  2  summarises  total 
computing  time  using  our  microcomputer. 
Steady  flow  conditions  develop  for  the  k-u 
computations  after  a  freestream  fluid 
particle  traverses  the  mesh  five  times. 
By  comparison,  adjusting  for  grid  point 
number  and  total  mesh  lengths  traveled  by 
a  freestream  fluid  particle,  the  1974 
computations  for  the  weak  and  strong  shock 
cases  would  have  required  1.6  and  1.9 
hours,  respectively  on  a  CDC  7600  main¬ 
frame  computer.  Note,  of  course,  that  had 
MacCormack’s  implicit  algorithm  been 
available  in  1974,  the  computing  times 
would  have  been  reduced  by  at  least  a 
factor  of  10.  Nevertheless,  these  comput¬ 
ing  times  show  that  two-dimensional 
Navier-Stokes  computations  are  quite  prac¬ 
tical  on  a  Motorola  68020/68881  based 
microcomputer. 


Table  2.  Navier-Stokes  Computing  Time 


e 

Two  Equation 

Multiscale 

9.87® 

2.6 

hrs 

_ 

12.75® 

3.5 

hrs 

8.8  hrs 

4.3  Results 

Weak  Shock  Results.  Figure  4  compares 
results  of  the  weak  shock  case  with  the 
1974  computation.  As  shown,  the  new  k-u 
model  predicts  more  upstream  influence,  a 
less  gradual  pressure  rise,  and  a  lower 
pressure  plateau  at  separation,  relative 
to  the  1974  results.  All  of  these  fea¬ 
tures  represent  improvement  in  predictive 
accuracy.  The  predicted  overall  pressure 
rise  is  higher  than  measured  because  the 
finite  difference  grid  is  too  coarse  to 
accurately  compute  properties  across  the 
various  shock  waves,  and  no  special  shock¬ 
capturing  procedure  has  been  implemented 
in  the  program.  Thus,  the  numerical  shock 
is  somewhat  stronger  than  desired.  Also, 
note  that  the  Reynolds  number  for  the 
experimental  data  is  10^,  so  close  agree¬ 
ment  between  experiment  and  theory  should 
not  be  expected. 

Pw/p« 


(x-x» )/So 

Figure  4.  Comparison  of  calculated  sur¬ 
face  pressure  distribution  with  experimen¬ 
tal  data  for  Mm  ®  2.96,  6  =  9.87®. 


Strong  Shock  Results.  figure  5  compares 
results  of  the  strong  shock  case  with  the 
1974  computations.  Results  are  included 
for  both  the  k-u  model  and  the  multiscale 
model.  Again,  for  both  models,  more 
upstream  influence  is  predicted,  the  pres¬ 
sure  rise  is  sore  gradual  and  the  pressure 
plateau  at  separation  is  reduced  relative 
to  the  1974  results.  The  major  difference 
between  the  two  computations  is  that,  for 
the  multiscale  model,  the  separation  bub¬ 
ble  and  its  wake  are  unsteady.  The  latter 
feature  is  generally  observed  expe.i- 
mentally  in  this  type  of  flow,  thus 
suggesting  that  the  multiscale  model  may 
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be  sinulating  aore  of  the  physics  of  turb¬ 
ulence  than  the  k-waodel.  Note  that,  as 
In  the  weak  shock  case,  Reynolds  nuaber 
for  the  experiaental  data  is  10*,  so  close 
correspondence  between  coaputed  and  aeas- 
ured  pressures  should  not  be  expected. 
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To  test  the  aodel  equations  for  unsteady 
boundary  layers,  we  have  siaulated  the 
experiaents  perforaed  by  Jayaraaan,  Parikh 
and  Reynolds. In  these  experiaents,  a 
well  developed  steady  turbulent  boundary 
layer  enters  a  test  section  which  has  been 
designed  to  have  freestreaa  velocity  that 
varies  according  to  (see  Figure  6);' 


U,  =  Uo  [l-ax'(l-cos(2irft))  ]  (15) 


The  quantity  x'  is  fractional  distance 
through  the  test  section  defined  by 

X'  =  (x-xo )/(xj -xo )  (16) 


where  xo  snd  x>  are  the  values  of  streaa- 
wise  distance,  x,  at  the  beginning  and  end 
of  the  test  section,  respectively. 
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Figure  5.  Coaparison  of  calculated  sur¬ 
face  pressure  distribution  with  experiaen¬ 
tal  data  for  N*  -  2.96,  6  -  12.750. 


Suaaarv.  The  fact  that,  consistent  with 
experiaental  observations,  the  aultiscale 
aodel  predicts  unsteadiness  while  the  k-u 
aodel  does  not  aay  prove  to  be  a  profound 
developaent.  More  definitive  applications 
such  as  the  coapression  corner  experiaents 
of  Settles,  et  al>''  and  Brown**  are  needed 
to  deteraine  if  this  is  true.  Although 
the  predicted  trends  are  encouraging, 
there  is  little  to  be  gained  by  continuing 
with  these  coaputat ions .  Firstly,  the 
finite-difference  grid  used  is  too  coarse 
to  provide  error-free  nuaerical  results. 
Secondly,  as  with  aost  data  for  two-diaen- 
sional  shock-boundary- layer  interactions, 
the  experiaental  data**  are  of  dubious 
quality,  with  strong  three-diaensional 
effects  known  to  be  present. 


Unsteady  Boundary  Lavers 


The  final  round  of  applications  is  for 
incoapressible,  unsteady  turbulent  bound¬ 
ary  layers.  These  flows  pose  a  difficult 
challenge  to  turbulence  aodels  because 
aany  coaplicated  frequency  dependent  phe- 
noaena  are  generally  present,  including 
periodic  separation  and  reattachaent . 
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Figure  6.  Scheaatics  of  the  coaputational 
doBsin  and  freestresa  velocity  distribu¬ 
tion  for  the  Jayaraaan,  Parikh  and 
Reynolds  experiaents. 


Thus,  an  initially  steady  equilibriua 
turbulent  boundary  layer  is  subjected  to  a 
sinusoidally  varying  adverse  pressure  gra¬ 
dient.  The  experiaents  were  perforaed  for 
"low"  and  "high"  amplitude  unsteadiness 
characterized  by  having  a  =  0.05  and  0.25, 
respectively.  For  both  aaplitudes,  exper- 
iaents  were  conducted  for  five  frequencies 
ranging  froa  f  =  0.1  hz  to  2.0  hz.  The 
coaputations  siaulate  nine  of  the  exper- 
iaents,  including  all  five  of  the  low 
aaplitude  cases  and  all  but  the  lowest 
frequency  case  for  high  aaplitude.  We 
will  explain  our  reason  for  oaitting  this 
case  in  Subsection  5.3. 


5.2  Nuaerical  Con»ideration> 

Numerical  Algorithm.  The  numerical  algo¬ 
rithm  used  for  our  two-dimensional, 
unsteady  boundary-layer  computations  is  an 
unconditionally  stable  implicit  marching 
method.  The  scheme  is  second-order  accu¬ 
rate  in  the  direction  normal  to  the  sur¬ 
face.  For  stability,  particularly  through 
separation,  the  computational  procedure 
uses  upwind  differencing  for  the  stream- 
wise  convection  terms. 

Although  the  algorithm  is  unconditionally 
stable,  the  presence  of  source  terms  in 
the  turbulence  model  equations  makes  the 
equations  sufficiently  stiff  to  preclude 
using  a  streamwise  Courant  number, 
Cii=U^t/^x,  in  excess  cf  approximately  0.6, 
a  limitation  comparable  to  that  found  in 
our  Navier-Stokes  applications.  By  con¬ 
trast,  the  boundary-layer  computations  are 
stable  with  a  viscous  Courant  number, 
Cy =2v^t/(Ay)2 ,  in  excess  of  600,  signifi¬ 
cantly  larger  than  the  corresponding  vis¬ 
cous  Courant  number  of  40  iii  our  Navier- 
Stokes  applications. 

Int,igration  through  separation  is  accom¬ 
plished  by  computing  the  streamwise  con¬ 
vective  term  in  the  momentum  equation 
according  to 

ubu/bx  =  max(0,u]*/iu//ix  (17) 

where  4u/4x  is  the  finite  difference 
approximation  to  bu/bx.  In  other  words, 
on  regions  of  reverse  flow,  we  set  the 
streamwise  convective  term  to  zero.  This 
is  the  procedure  first  implemented  by 
Reyhner  and  Flugge-Lotz.^° 

Boundary  and  Initial  Conditions.  The 
experiments  did  not  realize  the  desired 
freestream  velocity  distribution  given  in 
Equation  (15),  especially  for  the  high 
amplitude  cases.  The  actual  freestream 
velocity  distribution  achieved  is  pre¬ 
sented  graphically  by  Jayaraman,  et  al  and 
can  be  fairly  well  represented  in  terms  of 
five  parameters  ao ,  at,  az ,  as  and  4«  as 
follows. 


U»  -  U*  +  At .  urCosiEvft-^#)  (18) 

where 


1 

[  Uo  ( 1  -  aox  ' )  : 

0  <  X'  <  .38 

0,  =  ' 

(19) 

1 

I  AUo  (1  -  a»  X  ' )  ; 

.38  <  X'  <  1 

Al  .  u  • 

=  Uoazx' 

(20) 

♦  (X*) 

=  ♦oexp(-a3X‘) 

(21) 

The  parameter  A  is  chosen  to  insure  conti¬ 
nuity  of  the  velocity,  i.e.,  we  require 
that  A  =  ( 1- . 38ao ) /( 1- . 38ai ) .  The  data 
for  the  actual  freestream  velocity 
realized  in  the  experiments  are  accurately 
represented  using  the  values  listed  In 
Table  3  for  the  five  parameters. 


Table  3.  Freestream  Velocity  Parameters 


Amp 

Frequency 

ao 

at 

az 

az 

♦o 

Low 

0.1 

hz 

.0526 

.0244 

.05 

2.5 

-80 

Low* 

0.2 

hz 

.0526 

.0244 

.05 

3.7 

-110 

Low 

0.5 

hz 

.0526 

.0244 

.05 

5.5 

-150 

Low 

1.0 

hz 

.0526 

.0244 

.05 

4.0 

-350 

Low 

2.0 

hz 

.0526 

.0244 

.05 

4.2 

-650 

High 

0.1 

hz 

.2200 

.  1500 

.  15 

2.0 

-260 

High 

0.2 

hz 

.2200 

.  1650 

.22 

2.8 

-350 

High 

0.5 

hz 

.2250 

.  1850 

.25 

6.5 

-400 

High 

1.0 

hz 

.2500 

.  1700 

.25 

4.9 

-650 

High 

2.0 

hz 

.2500 

.  1700 

.25 

3.5 

-1000 

*  No  data  given  by  Jayaraman,  et  al. 
Values  inferred  from  interpolation 
between  f=0.1  hz  and  f=0.5  hz. 


Upstream  boundary  conditions  for  the  com¬ 
putations  have  been  established  by  using 
our  steady  two-dimensional  boundary  layer 
program,  EDDYBL,  to  generate  profiles 
which  yield  close  matches  to  the  measured 
skin  friction  (3. 22  >10' =■ ) ,  momentum- 
thickness  Reynolds  number  (2790)  and  shape 
factor  (1.42).  For  the  computed  profiles, 
we  are  able  to  match  each  of  the  three 
quantities  to  within  0.1k  of  the  corre¬ 
sponding  measured  value.  Because  the 
finite-difference  grid  fur  the  unsteady 
computations  has  its  upstream  boundary 
three  initial  boundary-layer  thicknesses 
(3So)  ahead  of  the  test  section,  the 
EDDYBL  profiles  3So  ahead  of  the  point 
where  the  experimental  skin  friction,  etc. 
have  been  matched  ore  used  us  upstream 
boundary  conditions  for  the  unsteady 
computations. 

Initial  conditions  fur  all  nine  computa¬ 
tions  have  been  obtained  by  first  setting 
all  flow  properties  to  the  corresponding 
values  at  the  upstream  boundary  and  then 
running  the  program  with  the  fluctuating 
velocity  contribution  set  to  zero.  The 
solution  is  then  advanced  in  time  until 
temporal  variations  in  flow  properties 
vanish.  The  steady  state  solution 
obtained  in  this  manner  serves  as  the 
initial  flowfield  fur  the  unsteady 
applications . 

Finite  Difference  Grid.  The  computational 
domain,  shown  in  Figure  6,  covers  the 
region  from  x*  =  -0.18  to  x'  =  1.50,  and 
from  y*  =  0  to  y'  =  0.50,  where  y*  = 
y/(xi-xo).  In  terms  of  the  boundary-layer 
thickness  upstream  of  the  test  section.  So 
=  35.5  mm  (0.116  ft),  the  upstream  and 
downstream  boundaries  are  thus  28So  dis¬ 
tant  from  one  another  and  the  upper  bound¬ 
ary  lies  8.6So  above  the  surface.  The 
beginning  of  the  test  section,  x'  =  0,  is 
located  a  distance  3So  from  the  upstream 
boundary . 

For  all  computations,  the  finite-differ¬ 
ence  mesh  is  rectangular.  It  has  34 
equally-spaced  points  in  the  streamwise 
direction  and  50  points  normal  to  the 
surface.  The  normal  mesh  consists  of  a 
35-point  "fine"  mesh  between  the  surface 
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and  y  =  So ,  with  the  renaining  15  points 
placed  in  an  "outer"  aesh  between  the  fine 
nesh  and  the  upper  boundary.  In  both 
regions,  the  distance  between  adjacent 
mesh  points  follows  a  geometric  progres¬ 
sion.  The  grading  ratio  is  1.21  for  the 
fine  mesh  and  1.14  for  the  outer  mesh. 
Numerical  experimentation  shows  that 
doubling  the  number  of  grid  points  in  each 
direction,  i.e.,  using  a  68  x  100  point 
mesh,  has  a  negligible  effect  on  solution 
accuracy. 

Data  Reduction.  In  order  to  compare  com¬ 
puted  and  measured  flow  properties,  we 
must  decompose  any  flow  property  y(X|t)  in 
terms  of  three  components,  viz, 

y(>{it)  =  y(x)  +  ?(x,t)  +  y'(x,t)  (22) 

where  y(x}  is  the  long-time  averaged  value 
of  y(x,t),  1*  the  organized 

response  component  due  to  the  imposed 
unsteadiness,  and  y'(x,t)  is  the  turbulent 
fluctuation.  In  order  to  extract  the 
quantities  presented  in  graphical  form  by 
Jayaraman,  et  al,  we  first  note  that  what 
our  program  computes  is  the  phase  averaged 
component,  <y()s,t)>,  defined  by 

<y(ai  t}i  =  y(x)  +  y(x,t)  (23) 

Jayaraman,  et  al  expand  <y(x,t)>  in  a 
Fourier  aeries  according  to 

<y(a,t)>  s  y()<) 

♦  2  An  .  y  (x)C08(2n*ft  +  an  ,  y  (Si)  )  (24) 

n  >  t 

Velocity  profile  data,  for  example,  are 
presented  by  Jayaraman,  et  al  in  terns  of 
u(x),  A),u(x)  and  •t.u()i)*  These  quanti¬ 

ties  have  been  extracted  from  the  boundary 
layer  solution  by  the  normal  Fourier 
decomposition,  viz,  by  computing  the  fol¬ 
lowing  integrals. 

I  /  f 

u(!<)  -  f  /  <u(x,t)>dt  (25) 

0 

>  /  f 

At . u (xlcusSt , u  =  f  /  <u(x, t)>C08(2vft)dt 
0  ■  (26) 
i/1 

At , u (x)8in4i , u  =  -f  /  <u(x, t)>8in(2eft)dt 
0  (27) 


Computing  Tine.  Table  4  lists  the  number 
of  cycles  and  corresponding  computing  time 
required  to  achieve  periodicity  on  our 
Motorola  68020/68881  based  microcomputer. 
Execution  times  are  approximately  30ii 
longer  than  those  which  would  be  realized 
on  a  VAX  11-780  minicomputer. 

5.3  Results 

The  Zero  Freouencv  limit.  Before  proceed¬ 
ing  to  the  unsteady  computations,  we  first 
test  for  consistency  with  a  Bey  observa¬ 
tion  made  by  Jayaraman,  et  al  for  the 
limit  of  zero  frequency.  On  the  one  hand, 
they  find  that  for  the  mean  velocity  given 
by  Equation  (IS)  with  f  =  0  and  a  =  0.25, 


Table  4.  Unsteady  Boundary  Layer  Computing 
Time  and  Number  of  Cycles  Needed 
to  Achieve  a  Periodic  Solution 


Amp 

Frequency 

Cycles 

k-u 

Multiscale 

Low 

0. 1 

hz 

2 

85 

Din 

Low 

0.2 

hz 

2 

- 

42 

min 

Low 

0.5 

hz 

3 

- 

20 

oin 

Low 

1.0 

hz 

4 

- 

20 

Din 

Low 

2.0 

hz 

7 

- 

18 

Din 

High 

0.2 

hz 

2 

25  min 

42 

Din 

High 

0.5 

hz 

3 

15  min 

26 

Din 

High 

1.0 

hz 

5 

15  min 

25 

Din 

High 

2.0 

hz 

10 

15  min 

26 

Din 

massive  separation  occurs  in  the  test 
section.  On  the  other  hand,  even  at  the 
smallest  frequency  for  which  experiments 
ware  done,  when  f  is  not  zero  the  observed 
flow  is  much  more  well  behaved.  On  the 
average,  the  boundary  layer  remains  at¬ 
tached  although,  at  some  frequencies  for 
the  high  amplitude  cases,  periodic  separa¬ 
tion  and  reattachaent  occurs. 

Part  of  the  reason  for  this  behavior  is 
explained  by  Jayaraman,  et  al.  When  we 
set  f  s  0,  the  pressure  gradient  is  given 
by 

dp/dx*  s  pUo*a(l  -  ax')  for  f  *  0  (28) 

However,  because  of  the  nonlinearity  of 
the  convective  terms  in  the  momentum  equa¬ 
tion,  for  any  nonzero  f,  the  mean  (long¬ 
time  average)  pressure  gradient  is 

dp/dx*  -  pUb*b(1  -  9/*ax')  for  f  /  0  (29) 

The  gradient  for  f  /  0  is  thus  reduced 
(for  adverse  gradient,  i.e.,  for  a  >  0), 
and  is  less  likely  to  cause  separation. 

To  test  the  model’s  consistency  with  this 
observation,  two  steady  computations  have 
been  done,  the  first  using  the  pressure 
gradient  for  f  :  0  (Equation  (28)]  and  the 
second  fur  the  gradient  given  in  Equation 
(29).  The  computations  were  performed 
with  our  tried  and  proven  steady  boundary 
layer  program,  EODYBL,  and  with  the  new 
unsteady  program.  This  scheme,  in  addi¬ 
tion  to  testing  the  model,  also  provides  a 
test  of  the  new  program's  accuracy  rela¬ 
tive  to  the  established  program. 

Using  a  value  for  a  of  0.25,  our  predic¬ 
tions  match  those  described  by  Jayaraman, 
et  al.  Using  the  pressure  gradient  in 
Equation  (28),  the  boundary  layer  sepa¬ 
rates  at  x'  :  0.87.  By  contrast,  when  the 
pressure  gradient  of  Equation  (29)  is 
used,  the  boundary  layer  remains  attached 
throughout  the  test  section. 

Low  Amplitude  Cases.  For  each  of  the  low 
amplitude  cases,  computation  begins  with 
the  initial  conditions  and  continues  for 
at  least  five  and  as  many  as  ten  periods. 
This  proves  sufficient  to  achieve  a  peri¬ 
odic  solution  as  determined  by  monitoring 
surface  skin  friction  (see  Table  4). 
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Fitfurei  7  through  9  coipare  coaputed  and 
■easured  velocity  profiles  at  x*  =  0.88 
for  the  five  low  aaplitude  cases.  As 
shown  in  Figure  7,  computed  aean  velocity 
profiles  differ  from  corresponding  meas¬ 
ured  profiles  by  no  aore  than  5k  of  scale. 
Coaparison  of  computed  end  measured  Ai ,  u 
profiles  shows  that,  consistent  with  aeas- 
ureaents,  unsteady  effects  are  confined  to 
the  near  wall  Stokes  layer  at  the  higher 
frequencies  (f  >  .5  hz).  By  contrast,  at 
the  two  lowest  frequencies,  the  entire 
boundary  layer  la  affected  with  algnifi- 
cant  amplification  of  the  organized  com¬ 
ponent  occurring  away  from  the  surface. 
Differences  between  the  numerical  and 
experimental  Ai , u  profilea  are  less  than 
10k.  Computed  and  measured  phase,  ^i , u , 
profilea  are  very  similar  with  differences 
nowhere  exceeding  5° . 

Hish  Amplitude  Cases.  The  high  amplitude 
cases  have  proven  to  be  aore  difficult  to 
simulate  numerically.  Although  our 
unsteady  boundary-layer  program  is  stable 
using  the  measured  fraestreaa  velocity 
(Table  3),  the  vertical  velocity  and 
hence,  the  thickness  of  the  viscous 
region,  is  unreasonably  large.  This  phe¬ 
nomenon  is  sometimes  observed  when  the 
procedure  of  Reyhner  and  Flugge-Lotz  is 
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Figure  7.  Comparison  of  computed  and 
measured  aean  velocity  profiles;  low 
amplitude. 


used  to  compute  through  separation  with  a 
parabolic  marching  scheme.  Rather  than 
predicting  only  modest  periodic  separation 
followed  by  reattachaent ,  the  program 
predicts  catastrophic  separation  which 
extends  to  the  end  of  the  computational 
domain . 

It  IS  very  likely  that  the  difficulties 
encountered  are  due  entirely  to  short¬ 
comings  of  the  boundary-layer  approxima¬ 
tions  and  not  evidence  of  ahortcomings  in 
the  turbulence  model.  In  order  to  verify 
thia  claim,  a  full  Navier-Stokes  computa¬ 
tion  would  be  needed.  Since  we  have  no 
incompressible  Navier-Stokes  program 
suitable  for  such  a  computation,  this 
point  must  be  left  as  a  matter  of 
conjecture. 

Further  headway  can  be  made  with  our  un- 
ateady  boundary-layer  program,  however. 
We  have  found  that  by  using  a  somewhat 
milder  adverae  pressure  gradient,  cata¬ 
strophic  separation  can  be  avoided.  If, 
at  the  peak  of  the  cycle,  the  mean  free- 
atream  velocity  at  x '  =  1  decreases  to  83k 
of  its  value  at  x*  =  0  rather  than  the  80k 
realized  in  the  experiments,  only  the 
highest  frequency  case  shows  any  appreci¬ 
able  aeparation.  Conaistent  with  experi¬ 
mental  observations,  with  the  exception  of 
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Figure  8.  Coaparison  of  computed  and  meas¬ 
ured  Ai , V  profiles;  low  amplitude. 
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the  f  =  0.1  hz  case,  the  lower  frequency 
casea  are  very  clone  to,  at  Most,  incip¬ 
ient  separation  at  soae  point  during  each 
cycle.  We  have  been  unable  to  find  any 
coabination  of  freestreaa  paraneters  which 
yield  a  satisfactory  solution  for  the  f  = 
C.l  hz  case. 

Table  5  sunnarizes  the  altered  freestreaa 
velocity  paraneters  used  in  our  coaputa- 
tions.  Note  that  only  the  paraneters  ao 
and  ai  have  been  altered,  and  that  these 
paraneters  affect  only  the  nean  velocity 
conponent.  In  all  cases,  we  have  used  the 
neasured  fluctuation  anplitude. 

Table  5.  Modified  Freestreaa  Velocity 
Paraneters 


Anp 

Frequency 

ao 

ai 

82 

83 

♦o 

High 

0.2 

hz 

1650 

.1650 

.22 

2.8 

-350 

High 

0.5 

hz 

1700 

.  1700 

.25 

6.5 

-400 

High 

1.0 

hz 

1700 

.  1700 

.25 

4.9 

-65* 

High 

2.0 

hz 

1700 

.  1700 

.25 

3.5 

-lOOo 

Figures  10  through  12  conpare  coaputed  and 
neasured  velocity  profiles  at  x '  =  0.94. 
As  with  the  low  anplitude  cases,  coaputed 
und  neasured  u(x)  profiles  lie  within  Sit 
of  scale  of  each  other,  Sinilarly,  the 
coaputed  A) , u  and  Ai ,  u  profiles  differ 
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Figure  9.  Coaparison  of  coaputed  and 
neasured  phase  profiles;  low  amplitude. 
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Figure  10.  Coaparison  of  computed  and 
neasured  mean  velocity  profiles;  high 
anplitude. 


froa  the  corresponding  neasured  profiles 
by  less  than  lOit.  To  provide  a  aeasure  of 
how  accurately  teaporul  variations  have 
been  predicted.  Figure  13  coapares  coa¬ 
puted  and  neasured  shape  factor  through  a 
complete  cycle  for  all  four  frequencies. 
As  shown,  differences  between  computed  and 
neasured  shape  factors  are  less  than  5\. 

k-w  Model  Predictions.  The  four  high 
anplitude  cases  have  also  been  coaputed 
using  the  k-waodel.  Results  are  included 
in  Figure  13  which  shows  that,  as  in  our 
3-D  boundary  layer  coaputations,  the  k-w 
and  aultiscale  aodel  predictions  differ  by 
only  a  few  percent.  Although  it  is  pos¬ 
sible  the  test  cases  are  not  as  difficult 
as  we  expected,  this  seeas  unlikely  in 
view  of  the  wide  Strouhal  nuaber  range  and 
the  fact  that  periodic  separation  and 
reattachaent  are  present.  More  likely, 
the  k-w  model  fares  well  because  all  of 
the  cases  have  attached  boundary  layers 
through  aost  of  each  cycle  and  in  the 
Bean. 


6.  Suaaarv  and  Conclusions 

Results  of  the  three-diaensional  boundary 
layer  coaputations  are  inconclusive.  The 
two  cases  considered  apparently  are  suffi¬ 
ciently  simple  to  permit  accurate  predic¬ 
tion  with  a  two-equation  turbulence  aodel. 
To  determine  how  much  better  the  aulti- 
scale  aodel  is  for  3-D  boundary  layers. 
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Figure  11.  Coapariaon  of  coaputed  and 
aaaaured  A) , u  profilea;  high  aaplltuda. 
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Figure  12.  Coapariaon  of  coaputed  and 
aeaaured  phaae  profilea;  high  aaplitude. 


aore  difficult  testa  involving  anisotropic 
ahear  are  needed. 

Although  only  a  curaory  exaaination  of 
aodel  pradictiona  for  ahock  aeparated 
flowa  haa  been  aade,  our  Navier-Stokea 
coaputationa  Indicate  potentially  profound 
reaulta.  While  the  k-u  aodel  appeara  to 
iaprove  soaewhat  upon  the  Wilcox*^  reaulta 
of  1974,  auch  aore  provocative  thinga 
happen  when  the  aultiacale  aodel  ia  uaed. 
Conaiatent  with  aoat  experiaental  obaerva- 
tiona,  the  flow  within  and  in  the  wake  of 
the  aeparation  bubble  haa  been  found  to  be 
inherently  unateady. 

The  unateady  boundary-layer  coaputationa 
offer  the  firat  definitive  aeaaure  of  how 
accurately  the  aultiacale  aodel  aiaulatea 
the  phyaica  of  turbulent  boundary  layera. 
For  a  wide  range  of  Strouhal  nuabera,  the 
aultiacale  aodel  aore-or-leaa  duplicatea 
the  atructure  of  a  turbulent  boundary 
layer  aubjected  to  a  ainuaoidally  varying 
adverse  pressure  gradient.  As  soaewhat  of 
a  surprise,  the  two-equation  aodel  is  just 
as  accurate  for  these  flows. 
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Figure  13.  Coapariaon  of  computed  and 
aeasured  teaporal  variation  of  shape 
factor;  high  aaplitude.  —  k-u  Model, 
—  Multiscale  Model. 
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APPENDIX  D:  MULTISCALE  MODEL  BOUNDARY  CONDITIONS 


The  paper  reproduced  in  this  appendix  was  presented  at  the  AIAA  26“'  Aerospace  Sciences 
Meeting,  held  in  Reno,  Nevada,  January  11-14, 1988.  The  formal  reference  to  this  paper  is 
as  follows. 

Wilcox,  D.  C.,  "More  Advanced  Applications  of  the  Multiscale  Model  for 

Turbulent  Flows,"  AIAA  Paper  88-0220,  Jan.  1988. 

This  is  a  two-part  paper,  the  first  part  focusing  on  further  development  of  the  Wilcox  mul¬ 
tiscale  model  and  the  second  part  focusing  on  shock-separated  flows.  The  development 
part  of  the  paper  establishes  multiscale-model  boundary  conditions  for  rough  surfaces  and 
for  surface  mass  injection.  The  rough  surface  boundary  conditions  are  tested  for  effects  of 
roughness  on  boundary-layer  skin  friction.  Applications  also  include  a  blown  boundary 
layer,  flow  over  convex  surfaces,  and  the  incompressible  mixing  layer.  The  shock  separated 
applications  were  ultimately  included  in  the  paper  reproduced  in  Appendix  F. 
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NOSE  ADVANCED  APPLICATIONS  OF  THE 
NULTISCALE  NOOBL  FOB  TUSBULBNT  FLOWS 


David  C.  Wilcox* 
DCW  Industries,  Inc. 
La  Canada,  California 


Abstract 

The  new  "aultiscale"  aodel  for  turbulent  flows 
developed  by  Wilcox  has  been  subjected  to  a  contin- 
uiof  series  of  rigorous  applications,  including 
shock-induced  boundary-layer  separation,  to  test 
its  accuracy  in  aiaulating  coaplex  flow  pbanoaena. 
While  previous  advanced  applications  prasantad  by 
Wilcox  have  baan  inconclusive  regarding  superiority 
of  the  Bultiscale  aodel  over  two-aquation  aodals, 
this  paper  daaonatratas  a  aarked  iaprovaaant  in 
predictive  accuracy  for  flows  which  include 
boundary-layer  aeparation.  As  speculated  in  the 
original  developaent  of  the  aodel,  results  obtained 
daaonstrate  that  the  aodel  is  superior  because  it 
accounts  for  disalignaant  of  the  Seynolds-atress- 
tansor  and  the  aean-strain-rate-tenaor  principal 
axes.  Effects  of  surface  roughness,  aass  injec¬ 
tion,  streaaline  curvature  and  the  nixing  layer  are 
also  analysed. 

h  UtratHCtigB 

This  paper  consists  of  two  parts.  The  first  part 
includes  results  of  continue  theoretical  davelop- 
aent  of  the  Wilcox  aultiscale  Bodel^><.  Specif¬ 
ically,  Part  1  includes  analysis  of:  (a)  aodel- 
predictsd  sublayar  structure  including  surface 
roughness  and  aaas  injection;  (b)  atreaaline  curva¬ 
ture  affects;  and  (c)  the  aixing  layer.  The  second 
part  focuses  upon  application  of  the  aodel  to 
ahock-separated  flows.  In  all  cases,  detailed 
coaparisons  with  experiaental  data  are  presented. 

Although  the  original  paper  in  which  the  aultiscale 
aodel  was  foraulated  includes  s  perturbstion  ansly- 
sis  of  the  viscous  sublsyer,  the  focus  was  confined 
to  perfectly  saooth  surfeces.  This  paper  extends 
the  analysis  of  the  sublayer  including  surface 
roughness  and  aass  injection  in  the  saae  aanner 
used  in  foraulating  the  Wilcox  k-w  aodeH. 

To  deaonatrate  the  aodel’s  ability  to  niaulate 
flows  with  differing  turbulence  structure,  boundary 
layers  over  curved  surfsces  and  the  aixing  layer 
are  investigated.  Results  of  the  analysis  show 
that,  unlike  aoat  two-aquation  aodels,  the  aulti¬ 
scale  aodel  appears  to  contain  enough  of  the 
physics  of  turbulence  to  sake  accurate  predictions 
for  planar  boundary  layers,  flow  over  curved  sur¬ 
faces  and  free  shear  flows  without  the  need  to 
adjust  closure  coefficients. 

Part  2  presents  the  aost  iaportant  of  all  the 
applications  to  date,  vis,  shock-separated  turbu¬ 
lent  boundary  layer  coaputationa.  Flows  considered 
include  two  planar  Mach  3  coaproasion-corner  flows^ 
and  M  axisyaaetric  Nach  3  coapression  corner 
flow^.  The  flows  selected  provide  a  definitive 
aeasure  of  differences  attending  use  of  the 
aultiscale  aodel  as  coapared  to  the  two-equation 
aodel. 
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To  underscore  the  significance  of  the  results  ob¬ 
tained  in  this  study,  it  is  worthwhile  to  briefly 
review  our  own  efforts  over  the  past  fourteen  years 
in  quest  of  an  acceptable  nuaerical  solution  for 
flow  into  a  coapression  comer.  The  first  solu¬ 
tions  to  the  Reynolds-averaged  Navier-Stokes  equa¬ 
tions,  using  an  advanced  turbulence  aodel,  for 
shock-induced  separation  of  a  turbulent  boundary 
layer  were  done  by  Wilcox”.  In  this  early  coaputa- 
tional  fluid  dynaaics  (CFD)  study,  Wilcox  perforaed 
six  coaputations,  three  for  reflection  of  an 
oblique  shock  froa  a  flat  plate  and  three  for  flow 
into  a  coapraaaion  cornar.  Results  of  the  study 
indicated  that,  using  a  two-aquation  turbulence 
aodel,  a  reasonably  accurate  description  of  the 
flowfield  can  be  obtained  for  reflection  of  an 
oblique  shock  froa  a  flat  plate.  However,  the 
nuaerical  flowfields  for  the  coapression  corner 
cases  were  significantly  different  froa  the  experi- 
aentally  observed  flowfields,  even  though  Nach  and 
Reynolds  nunbers  and  shock  strength  were  identical 
to  those  of  the  flat-plate  cases.  Thus,  a 
seaaingly  staple  change  in  flow  geoaetry  caused  a 
aajor  difference  in  predictive  accuracy. 

To  put  the  Wilcox  coaputations  in  proper  perspec¬ 
tive,  note  that  the  turbulence  aodel  used  in  the 
coaputations  was  the  Saffaan-Wilcox”  k-w^  aodel 
with  surface  boundary  conditions  g.ysn  by  aatching 
to  the  law  of  the  wall,  a  procedure  which  has  since 
cone  to  be  referred  to  as  using  wall  functions. 
The  nuaerical  algoritha  used  was  a  first-order 
accurate  explicit  tiae-aarching  procedure.  Since 
the  Wilcox  study,  coaputationsl  aethods  have  ia- 
proved  draaatically  thanks  to  the  innovative  work 
of  aany  rasearchera,  aost  notably,  MacConsack^, 
Bean  and  Warning^  and  Steger^^.  Today,  it  is 
possible  to  perfon  two-equation  turbulence  aodel 
coaputations  for  shock-separated  flows  without  the 
aid  of  wall  functions  on  a  (relatively  crude)  1200- 
point  finite  difference  aesh  using  a  fast  desk  top 
Bicrocoaputer^.  However,  until  this  study,  little 
iaprovaaent  in  predictive  accuracy  relative  to 
Wilcox's  results  of  1974  has  been  realised  for 
co^ression  comer  flows. 

The  work  of  Horstaan,  et  al^^>^^  provides  clear 
substantiation  of  this  claia.  They  have  applied 
aany  turbulence  aodels  to  shock-separated  flows 
with  alaost  universal  results,  vis: 

1.  too  little  upstreaa  influence  as  exhibited  by 
pressure  starting  to  rise  at  a  point  well 
downstreaa  of  the  aeasured  beginning  of  adverse 
pressure  gradient; 

2.  surface  pressure  in  excess  of  aeasured  values 
above  the  aeparation  bubble; 

3.  skin  friction  values  higher  than  those  aeasured 
downstreaa  of  reattachaent; 

4.  velocity  profiles  downstreaa  of  reattachaent 
which  indicate  flow  deceleration  in  excess  of 
corresponding  aeaauresMots. 


RWnwd  10  AIAA  10  hMUS  la  all  fonat. 
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On  the  one  hand,  by  using  wall  functions  and  the  k- 
s  turbulence  aodal^^^  Viegas,  Horstaan  and 
Rubesin^^  are  able  to  reaove  itaa  3  from  this  list. 
On  the  other  hand,  they  achieve  only  aodest 
iaproveaents  in  the  other  iteas.  This  lack  of 
success  on  the  coapress ion-comer  problea,  which 
has  persisted  for  aore  than  a  decade,  is  excellent 
testiaony  to  the  oft  quoted  stateaent  that  turbu¬ 
lence  aodeling  is  the  pacing  itea  in  CFD. 

One  of  the  aajor  conclusions  of  the  study  by 
Wilcox^  is  that  the  relatively  poor  perforaance  of 
the  two-equation  aodel  for  the  coapress  ion  comer 
coaputations  is  caused  by  the  aodel’ s  use  of  the 
Boussinesq  approxiaation  which  holds  that  the  prin¬ 
cipal  axes  of  the  Reynolds  stress  tensor  are  paral¬ 
lel  to  those  of  the  aean  strain  rate  tensor.  The 
physical  reasoning  is  that,  unlike  the  flow  induced 
by  an  oblique  shock  reflecting  froa  a  flat  plate, 
the  aean  strain  rate  tensor’s  principal  axes 
abruptly  rotats  at  the  flat-plate/raap  Junction. 
The  Boussinesq  spproxiaation  iaplies  that  the 
Reynolds  stresses  also  change  abruptly  which,  on 
physical  grounds,  would  be  a  rather  questionable 
event . 

The  excellent  predictions  aade  by  Johnson^^*^^  for 
transonic  flow  over  a  "huap"  substantiate  the  no¬ 
tion  that  use  of  the  Boussinesq  approxiaation  lies 
at  the  root  of  the  two-equation  axel's  inability 
to  accurately  siaulate  properties  of  separated 
flows.  Using  an  approach  in  which  a  lag  occurs 
between  sudden  changes  in  aean  strain  rate  and  the 
Reynolds  shear  stress,  Johnson  is  able  to  duplicate 
aeasured  flow  properties  to  within  engineering 
accuracy.  His  predictions  are  so  auch  bettor  than 
those  obtained  with  the  k-s  aodel  that  further 
applications  with  the  latter  seaa  pointless,  espe¬ 
cially  since  the  k-s  aodel  farts  so  poorly  even  for 
attached  boundary  layers  in  an  adverae  pressure 
gradient^.  While  Johnson  offers  significant 
laproveaent  for  tranaonic  separated  flows,  the 
aodel  has  been  deaonstrated  to  be  accurate  for  a 
liaited  range  of  Hach  nuabers  and  has  been  devel¬ 
oped  auch  in  the  spirit  of  nixing  length,  i.e.,  it 
IS  a  very  powerful  "incoaplete"  aodel  of 
turbulence. 

The  prinary  purpose  of  this  research  study  has  been 
to  apply  both  the  aultiscale  and  k-u  aodels  to  the 
three  well  docuaented  separated  flows  referenced 
above  and  to  assess  the  differences.  As  will  be 
shown,  the  differences  are  profound. 

2.  iouationa  of  >iotion 

Host  of  the  coaputations  in  this  study  have  been 
done  using  both  the  k-u  aodel  and  the  aultiscale 
aodel.  These  models  differ  in  the  postulated  con¬ 
stitutive  relation  between  the  Reynolds  stress 
tensor  and  aean  flow  properties.  The  k-u  aodel 
inpleaeiits  the  Boussinesq  approxiaation  in  which 
Reynolds  stress  is  assuaed  proportional  to  aean 
strain  rate.  By  contrast,  the  aultiscale  aodel 
coaputes  each  coaponent  of  the  Reynolds  stress 
tensor  individually. 

2.1  Hean  Conservation  Bouations 
For  both  aodels,  we  must  solve  the  aass-averaged^^ 
equations  for  conservation  of  mass,  aoaentua  and 
energy,  viz, 

bp/bt  »  b/bXjCpUjl  =  0  (1) 


b/bt(pUi)  +  b/bKj(pUiUj)  =  -bp/bXi  +  b%ij/lscj  (2) 

b/bt(pE)  +  b/bXj(pUjH)  =  b/ixj[ui%ij  -  qj 

+  (pfa»m)bk/bxj]  (3) 

where  t  is  tiae,  x^  is  position  vector,  ui  is 
velocity  vector,  p  is  pressure,  p  is  density, 
is  the  sua  of  aolecular  and  Reynolds  stress  tensors 
and  qj  is  the  sua  of  aolecular  and  turbulent  heat- 
flux  vectors.  In  Equation  (3),  the  quantities 
Bsc-fk+uiui/2  and  H=h-*'k'*'Uj^u^/2  are  total  energy  and 
total  enthalpy,  respectively,  with  hscfp/p;  c  and  h 
dsnote  internal  energy  and  enthalpy,  p  snd  py 
aolecular  and  eddy  viscosity,  pk  is  turbulent 
kinetic  energy  and  o*  is  a  closure  coefficient. 

2.2  Constitutive  Relations 

For  both,  aodels,  the  heat  flux  vector  is  coaputed 
according  to 

qj  =  -(»*/Pri*MT/PrT)lih/laj  (4) 

where  Pry,  and  Pry  are  laainar  and  turbulent  Prandtl 
numbers. 

The  remaining  step  needed  to  close  this  systea  of 
equations  is  to  postulate  a  relation  between  the 
total  stresa  tensor,  and  aass-everaged  flow 

properties.  For  both  aodels,  total  stress  is 
related  to  Reynolds  stress,  according  to 

=  2M(Sij-V3bu|,/bx]((^j]  ♦  Tij  (5) 

where  S|j3V2(bui/tNj+buyiNi)  is  the  aean  strain 
rate  tensor. 

On  the  one  hand,  the  k-u  aodel  uses  the  Boussinesq 
approxiaation  that  Reynolds  stress  is  proportional 
to  aean  strain  rate,  viz, 

»ij  '  2pftSij-l/3bU|,/bxj,tijl  -  2/3pktij  (6) 

On  the  other  hand,  with  the  aultiscale  aodel,  we 
introduce  two  energy  scales  corresponding  to  upper 
and  lower  partitions  of  the  turbulent  energy 
spectrua.  The  aultiscale  aodel  coaputes 
seconding  to 

nj  =  PTij  -  2/3petij  (7) 

where  pTy  is  the  upper  partition  contribution  to 
the  Reynolds-streas  tensor  and  pe  is  the  energy  of 
the  eddies  in  the  lower  partition. 


2.3  Turbulent  Binetic  Bnerav  snd  Dissipstion  Hate 
Both  models  determine  turbulent  energy  and  specific 
dissipation  rate,  u,  froa  the  following  two 
equations. 

b/btipk)  T  b/txjlpUjk)  =  Tjjbui/bxj  -  B*p(J( 

»  b/bxjI(p»c*pr)ak/iKj]  (8) 
b/bt(pu)  »  b/bxj{puju)  =  (■»u/k)Tybui/bKj 
-  Bpu(u  - 

»  b/bXjI(p*awy)bu/bXj)]  (9) 

where  V2(buybX||-bUQ/bX|^  is  the  aean  rotation 
tensor.  The  quantities  t,  S*,  r,  (,  a  and  o*  are 
closure  coefficients.  Note  also  that  the  eddy 


viscosity,  appearing  in  Equations  (3,  4,  6,  8, 
and  9)  is  defined  by 

=  pk/o  ’(10) 

2.4  Upper  Partition  Equations 

For  the  aultiscale  aodel,  the  upper  partition 
Reynolds  stress  equation  is 

b/bt{pTij)  +  i/iKk(P“kTij)  =  ■  PiJ  +  Bij  (11) 

where  E^j  represents  the  exchange  of  energy  aaongst 
the  lean,  upper-partition  and  lower-partition 

energies,  and  is  given  by 

hi  -  -Cl8Mnj*^/3»**ijJ  ♦  "Pij 

■f  2/3g»puk(l-e/k)3/2gjj  (12) 


structure  predicted  by  the  aodel.  The  analysis 
exactly  paralleled  that  used  for  the  k-u  aodel  with 
perfectly  saooth  surfaces.  For  both  models,  the 
appropriate  boundary  conditions  at  a  solid  boundary 
follow  from:'  (a)  the  no-slip  boundary  condition 
which  Beans  u^  and  k  vanish  at  the  surface;  and  (b) 
the  observation  that  the  surface  value  of  specific 
dissipation  rate,  deteraines  the  value  of  the 
constant  B  in  the  law  of  the  wall,  i.e., 

u/u,  =  K~lan(u,y/v)  +  B  (18) 

where  u«  is  friction  velocity,  v  is  kineaatic  vis¬ 
cosity,  K  is  Karaan's  constant,  and  y  is  distance 
froB  the  surface.  Perturbation  analysis  of  the 
sublayer  ahows  that  the  limit  «iw  •  ••  corresponds  to 
a  perfectly  smooth  wall  and  the  asymptotic  behavior 
of  w  approaching  the  surface  for  both  models  is 

u*6v/(0y2)  as  y  ■>  0  (Smooth  Wall)  (19) 


where  Cj,  8,  B  and  T  are  closure  coefficients.  The 
tensors  P^j  and  are  defined  by 

*  TimhUj/bKB'^TjBbUi/bNB  (13) 

DiJ  ® 

Finally,  it  is  instructive  to  contract  Equation 
(11)  which  yields  the  following  equation  fpr  upper- 
partition  energy,  p(k-e)  =  -vgPTkk- 

b/it(p(h-e)J  ♦  b/lmj(puj(k-e))  =  (l-4-»tijbUi/bXj 

-  g*piJ((l-e/k)3/2  (15) 

This  equation  is  normally  used  in  place  of  one  of 
the  normal  stress  components  of  Equation  (11). 

2.5  Closure  Coefficiemta 

Finally,  the  ten  closure  coefficients  appearing  in 
Equations  (1-15)  Iwve  been  esteblished  in  the  prior 
studies  by  Wilcoxl*2.  No  changes  in  those  coef¬ 
ficients  have  been  made  for  any  of  the  applications 
in  this  study.  Their  values  are  as  follows. 


Multiscale 

Model 

a  =  42/66, 

B  =  6/65,  T  =  1/4 

«  =  3/40, 

T  =  4/5,  e  =  1/2 

»*  =  9/100, 

(  =  1  ,  <r*  =  1/2 

Cl  = 

1  ♦  4(l-e/k)2/2 

k-u  Model 

In  formulating  the  k-u  model,  Wilcox^  developed  a 
correlation  between  the  value  of  and  roughness 
height  and  also  surface  mass  injection  rate  which 
provides  a  simple  and  natural  way  to  represent 
roughness  and  surface  meas-injection  effects.  A 
corresponding  analysis  was  not  performed  for  the 
Bultiscale  model  because  of  numerical  difficulties 
encountered  in  solving  the  multiscale  equations  in 
the  sublayer. 

To  solve  the  sublayer  equations,  which  are  one- 
dimenaional  ordinary  differential  equations,  the 
procedure  used  in  previous  studies  has  been  to  add 
unsteady  terms  and  integrate  in  time  until  a  steady 
solution  is  obtained  (complete  details  are  given  by 
Wilcox^),  The  numerical  algorithm  has  been  a  one- 
dimensional  implicit  time-marching  method  in  which 
the  various  model  equations  are  solved  sequen¬ 
tially.  In  this  study,  the  numerical  difficulties 
have  been  resolved  by  implementing  the  coupled, 
Newton's  iteration  scheme  recommended  by 
MaoCormackl'.  In  addition  to  making  solutions  with 
finite  surface  values  of  w  possible,  convergence 
rate  for  the  perfectly  smooth  surface  is  dramat¬ 
ically  improved.  Steady  solutions  can  be  obtained 
in  40  timesteps  as  compared  to  nearly  300  timestaps 
with  the  uncoupled  algorithm. 

Using  the  revised  sublayer  program,  correlations 
have  been  made  between  roughness  height,  kg, 
and  surface  mass-injection  velocity,  v^.  The 
resulting  correlations  are  a  little  different  from 
those  appropriate  for  the  k-w  model.  The  surface 
boundary  conditions  based  on  these  correlations  are 
as  follows  (k-w  model  results  are  included  for  the 
sake  of  completeness).  For  rough  surfaces. 


f  =  3/40, 

y  =  6/9, 

o  =  1/2 

6*  =  9/100, 

(  =  0  , 

CM 

''V.. 

It 

3.  Parti:  Model  PeveloBmsnt  and  Noo-Senareted  Flows 

In  the  first  three  subsections,  we  extend  and  test 
formulation  of  surface  boundary  conditions  for  the 
Bultiscale  model  to  surfaces  which  include  rough¬ 
ness  elements  or  mass  injection.  Then,  the  model 
is  tested  for  attached  boundary  layers  on  curved 
surfaces  and  for  the  mixing  layer. 


w  :  Uy.2sg/v  at  y  =  0  (Rough  Wall)  (20) 

where  the  dimensionless  coefficient  Sp  is  defined 
in  terms  of  kp*  =  u^p/v  by 

Multiscale  Model 


1  (50/kp-')2 

■  kp* 

<  25 

{  600/(kp-')3/2 

>  25 

k-u  Model 

(  (60/kR-')2 

:  kp^ 

<  25 

Sr  =  < 

(  loo/kp" 

:  kp" 

>  25 

3.1  Surface  Boundary  Conditions 

In  formulating  the  multiacale  model,  Wilcoxl  used 

perturbation  methods  to  analyze  viacous  sublayer 
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(22) 


For  surfaces  with  mss  injection, 

w  =  u,^Sb/v  st  y  =  0  (Mass  Injection)  (23) 

where  the  diaensionless  coefficient  Sg  is  defined 
in  teras  of  v^'*’  =  v^/u^  by 

Multiscale  >1odel 

SB  =  16/lv„+(l+4v„+)]  (24) 

k-w  Model 

SB  =  20/[v„+(l+6v^+)]  (25) 


3.2  Surface  Beushaess  Iffects 

As  a  test  of  the  aodal  and  the  rough-surface  bound¬ 
ary  condition,  we  have  perforaed  a  series  of  flat- 
plate  boundary  layer  coaputationa  in  which  both 
Mach  nuaber  and  surface  roughneas  have  been  varied. 
The  coaputationa  are  designed  to  test  consistency 
with  the  observation  originally  aade  by  aoddard*° 
that  "the  effect  of  surface  roughness  on  skin-fric¬ 
tion  drag  ia  localised  deep  within  the  boundary 
layer  at  the  surface  itself  and  is' independent  of 
the  external  flow,  i.e. ,  Mach  nuaber,  per  se,  is 
eliainated  as  a  variable." 

The  coaputationa  have  been  done  with  a  coapressible 
boundary  layer  prograa,  BODYBL^^,  which  is  second- 
order  accurate  in  streaawise  and  normal  distance. 
The  aultiacale  equations  are  solved  in  the  ssm 
coupled  aanner  used  in  the  sublayer  prograa  discua- 
aad  above.  Coaputationa  have  been  done  for  Mach 
nuabers  of  0,  1  and  5  and  roughneaa  heights  corre¬ 
sponding  to  kg*  ranging  froa  sero  to  100.  For  each 
Mach  nuaber,  the  reference  smooth-wall  skin  fric¬ 
tion  coefficient,  Cfg,  corresponds  to  a  aoaentua- 
thickness  Reynold  nuaber,  Reg,  of  10,000. 

Figure  1  compares  computed  skin  friction  with  the 
data  suaMrized  by  Reda,  et  al<^.  Computed  akin 
friction  falls  well  within  experiMntal  data  scat¬ 
ter,  and,  consistent  with  Goddard's  observation, 
Mach  nuaber  has  little  effect  on  predicted  Cf/Cf^. 
Additionally,  consistent  with  Reda's  findings, 
coaputed  skin  friction  departs  noticeably  froa  the 
smooth  wall  value  for  kR*  values  near  4  to  5  as 
opposed  to  Goddard’s  correlation  which  indicates  no 
effect  for  kg'^  less  than  10. 


3.3  Surf««*«  >*M«-ln.iection  iffects 
To  test  the  aultiacale  model  for  aass  injection 
effects,  we  consider  an  incoapressible  boundary 
layer  with  mass  injection.  The  case  considered  is 
a  flow  analysed  by  Andersen,  et  al^',  and  has  a 
surface  mass  injection  rate,  v^,  given  by  .00375U«, 
where  U,  is  the  (constant)  boundary- layer  edge 
velocity.  Figure  2  compares  coaputed  and  measured 
skin  friction  and  and  a  velocity  profile  at  the 
final  station  (2.3  a.).  As  shown,  with  the 
exception  of  the  first  three  skin  friction  values 
for  which  differences  are  about  lOk,  coaputed  and 
measured  properties  are  within  44  of  each  other. 

The  k-w  aodel  predicts  effects  of  surface  roughness 
and  mass  injection  for  the  two  applications  con¬ 
sidered  here  which  virtually  duplicate  aultiacale 
aodel  predictions.  This  is  unsurprising  as  the 
boundary  conditions  and,  indeed,  model-predicted 
sublayer  structure  are  very  similar  for  the  two 
models. 


Cp/Cr. 


Figure  1.  Comparison  of  coaputed  and  measured 
effect  of  Mach  nuaber  on  rough- to-saooth 
wall  akin  friction  ratio. 

ID^Cr 


Figure  2.  Comparison  of  coaputed  and  measured  skin 
friction  and  velocity  profile  at  x  =  2.3 
a.  for  an  incoapressible  boundary  layer 
with  aass  injection. 
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3.4  StreMline  Curvature  Effects 
The  centrifugal  and  Coriolis  accelerations  attend¬ 
ing  flow  over  curved  surfaces  are  known  to  have  a 
significant  effect  upon  structural  features  of  the 
turbulent  boundary  layer.  Strictly  speaking,  such 
effects  cannot  be  accurately  predicted  with  a  two- 
equation  Bodel  as  curvature  has  a  trivial  effect 
upon  the  turbulent  kinetic  energy  equation.  How¬ 
ever,  as  shown  by  Wilcox  and  Chaabers^^,  if  the 
quantity  k  is  interpreted  as  being  proportional  to 
<v'^>,  it  IS  possible  to  derive  a  rational  aodifi- 
cation  to  the  equation  for  k  which  reproduces 
■ensured  curved  wall  boundary  layer  properties 
reasonably  well.  The  Modified  k  equation  is  not 
easily  generalised  for  general  geoaetries  though, 
and  proves  very  difficult  to  iapleaent  in  separated 
flow  coaputations.  In  principle,  the  aultiscale 
■odel  should  display  none  of  these  shortcoaings. 
Thus,  computing  curved  wall  boundary  layers  poses 
an  interesting  test  of  the  aultiscale  aodel. 

Using  prograa  BDDYBL  with  teras  included  approp¬ 
riate  to  flow  over  a  curved  aurface  (see  Appendix), 
two  coaputationa  have  been  done  for  flow  over  a 
convex  surface.  The  two  cases  selected  for  testing 
the  aultiscale  aodel  are  the  constant  pressure  and 
adverse  pressure  gradient  cases  experiaentally 
investigated  by  So  and  Nellor^^.  Figures  3  and  4 
coapare  coaputed  and  Measured  skin  friction  and 
velocity  profiles.  To  insure  accurate  starting 


la^Cr 


Figure  3.  Coaparison  of  coaputed  and  Measured  skin 
friction  and  velocity  profile  at  x  =  5.9 
ft.  for  flow  over  a  convex  wall  with 
constant  freestreaa  pressure. 


conditions,  the  aeasured  aoaentUB  and  displaceaent 
thickness  at  x  =  2  ft.,  have  been  Matched  to  within 
Ik,  8  point  well  upstreaa  of  the  beginning  of  the 
curved-wall  portion  of  the  run  at  x  =  4  ft.  For 
both  computations,  coaputed  and  Measured  flow 
properties  differ  by  less  than  6k. 

3.5  The  Mixins  Layer 

Another  interesting  test  of  the  aultiscale  aodel  is 
for  free  shear  flows,  i.e.,  flows  not  bounded  by 
solid  surfaces.  Free  shear  flow  turbulence  has 
structural  features  different  froa  wall-bounded 
flows  and  accurate  predictions  for  both  kinds  of 
flow  would  laply  soae  degree  of  universality  of  the 
aodel 's  closure  spproxiaations.  For  purposes  of 
testing  the  aodel,  we  address  the  Mixing  layer, 
i.e.,  the  Mixing  of  two  parallel  streaas  of 
differing  velocity.  For  the  present  purposes,  one 
streaa  will  be  at  rest. 

Solutions  have  been  obtained  for  both  the  k-w  aodel 
and  the  aultiscale  aodel.  The  aodel  equations 
adait  a  similarity  solution,  valid  in  the  far 
field,  in  which  the  independent  variable  is  n  = 
y/x.  To  solve  the  resulting  equations,  we  have 
used  the  same  tiae-aarching  procedure  iapleaented 
in  the  sublayer  analysis  of  Section  3.1.  To  assure 
nuaerically  accurate  solutions,  aesh  point  number 
has  been  varied  from  20  to  500.  No  aore  than  50 
points  are  needed  for  grid  independence. 
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Figure  4.  Coaparison  of  coaputed  and  measured  skin 
friction  and  velocity  profile  at  x  :  5.5 
ft.  for  flow  over  a  convex  wall  with 
adverse  pressure  gradient. 
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Table  1  suauirlzes  coaputed  and  neaaured  spreading 
rate.  Birch’a^^  definition  baa  been  uaed  to  define 
the  apreading  rate,  viz,  the  difference  in  values 
of  n  at  the  pointa  where  u/un  =  1  and  u/u^  = 

v<rr?.  Predicted  spreading  rate  is  sensitive  to  the 
freestreaa  values  of  k  and  u  so  that  a  range  of 
spreading  rates  are  possible.  In  each  case,  the 
largest  value  quoted  corresponds  to  the  Halting 
case  u«  ••  0,  ka/u*  *  0,  which  laplies  zero 
freestreaa  turbulence. 


Table  1.  Coaputed  and  Measured  Nixing  Layer 
Spreading  Ratea. 


Minimum 

Maximum 

k-w  Model 

.100 

.141 

Multiscale  Model 

.094 

.116 

Measured 

.115 

Figure  5  coapares  coaputed  (for  •  0,  ka/ua  ••  0) 
and  aeasured^^  velocity  profiles.  Nultiscale  aodel 
predicted  velocity  is  closer  to  aeasured  velocity 
than  that  of  the  k-u  aodel , 


c/x 


Figure  5.  Coaparison  of  coaputed  and  aeasured 
velocity  profiles  for  the  aixing  layer. 


4.  Part  2:  Separated  Flows 

We  focus  now  on  separated  flows.  The  section 
begins  with  an  overview  of  the  nuaerical  procedure, 
initial  and  boundary  conditions,  finite-difference 
grids  used,  and  computing  times  required  to  achieve 
the  solutions.  Comparisons  of  coaputed  and 
measured  flow  properties  are  given  for  each  case. 

4.1  Wuaerical  Procedure 

Algoritlim.  The  nuaerical  algorithm  used  in  the 
computations  was  developed  by  MacComack^,  and  has 
been  used  for  many  compressible  separated  flow 
computations  by  Horstman,  et  Because 
of  Its  proven  track  record,  we  obtained  the  version 
of  Horstaan's  program  which  uses  the  k-c  turbulence 


model  to  describe  the  turbulence.  After  purging 
the  k-c  model  and  incorporating  the  multiscale  and 
k-u  models,  we  find  that  the  modified  program 
requires  about  30i!  more  memory  than  the  original, 
priMrily  because  of  the  additional  arrays  needed 
for  the  Reynolds  stress  components. 

Turbulence  Models.  All  computations  have  been  done 
using  both  the  k-u  model  and  the  multiscale  aodel. 
The  k-u  aodel  is  far  less  complex  than  the  k-c 
model,  mainly  because  of  all  the  special  viscous 
modifications  needed  to  integrate  the  k-c  model 
through  the  sublayer.  As  a  consequence,  a  computa¬ 
tion  using  the  k-u  model  requires  only  TSK  as  much 
CPU  time  per  timestep  as  one  using  the  k-c  model. 
The  multiacale  model  requires  approximately  50% 
more  CPU  time  than  the  k-u  aodel.  Thus,  a  computa¬ 
tion  using  the  multiscale  aodel  requires  about  12% 
more  CPU  time  per  timestep  than  a  corresponding 
computation  using  the  k-c  m^el. 

Finite  Difference  Grids.  Dimensions  of  the  compu¬ 
tational  domains  for  each  case  are  listed  in  Table 
2  in  terms  of  the  thickness  of  the  incident  bound¬ 
ary  layer,  tg.  In  all  three  computations,  the 
finite  difference  grid  consists  of  80  equally- 
spaced  points  between  upstream  and  downstream 
boundaries,  while  45  points  lie  between  the  lower 
and  upper  boundaries.  The  first  30  grid  points 
norma)  to  the  surface  extend  to  y=to;  grid-point 
spacing  increases  in  a  geometric  progression  with  a 
grading  ratio  between  30k  and  35k,'  The  remaining 
IS  points  are  equally  spaced,  covering  the  region 
from  y=<o  to  the  top  of  the  grid.'  The  mesh  point 
cloaeat  to  the  surface  lies  below  i*  -  0.7  through¬ 
out  the  grid  in  all  three  cases.  Upstream  of  the 
ramp,  finite  difference  cells  are  rectangular. 
Downstream  of  the  ramp  the  cells  are  parallelograms 
aligned  with  the  ramp. 

Boundary  and  Initial  Conditions.  Upstream  boundary 
conditions  for  the  three  computationa  have  been 
obtained  from  the  two-dimensional  boundary  layer 
program,  EDDYBL.  Using  BDDYBL,  we  have  been  able 
to  natch  the  measured  values  of  Reg  and  H  for  each 
case  to  within  1.0k.  The  upstream  boundary- layer 
profiles  have  also  been  used  as  initial  conditions 
throughout  the  computational  domain. 

Other  Details.  The  equations  of  motion  have  been 
integrated  through  the  sublayer,  with  a  viscous 
Courant  number,  Cy:2vAt/(^)^,  ranging  between  30 
and  90  for  most  of  the  computation,  and  typically 


Table  2.  Primary  Flow  and  Nwarical  Parameteni 


Parameter 

20° 

Corner 

24° 

Corner 

30° 

Corner 

Mach  Number 

2.79 

2.84 

2.85 

Total  Pressure  (psf) 

14,513 

14,451 

3,600 

Total  Temp.  (‘Tl) 

464 

472 

513 

Wall  Temp.  C^) 

493 

497 

487 

B.L.  Thickness,  Sq  (ft) 

.082 

.075 

.033 

Mom.  Thickness,  Reg 

93,800 

82,050 

9,366 

Shape  Factor,  H 

5.08 

5.08 

4.00 

Grid  Length  (Hx/Sq) 

8 

10 

10 

Grid  Height  (^/Sq) 

6 

6 

5 

k-u  Timesteps 

7,000 

24,000 

12,000 

k-u  CPU  Time  (nin) 

17 

60 

32 

Multiscale  Timesteps 

7,000 

40,000 

12,000 

Multiscale  CPU  (min) 

25 

138 

45 
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half  this  value  for  the  final  25ti  of  the  coaputa- 
tion  to  eliainate  any  possibility  of  solution 
dependence  on  the  tiaestep,  a  procedure  recoaaended 
by  MacCoraack^.  In  every  coaputation,  a  freestreaa 
fluid  particle  traversed  the  aesh  et  least  3  tiaes, 
and  as  aany  as  18  times. 

Table  2  suaaarizes  freestream  flow  conditions, 
upstreaa  boundary-layer  properties,  aesh  diaen- 
sions,  and  coaputing  tiae  data  on  a  Cray  X-MP/48 
coaputer  for  all  three  flows.  Wilcox^^  fives  addi¬ 
tional  details  on  the  nuaerical  procedure, 
including  stability  analysis  and  a  study  of  solu¬ 
tion  sensitivity  to  grid-point  number. 

4.2  20°  Caapreasiop  Comer 

The  first  of  the  three  applications  is  for  Mach 
2.79  flow  into  a  20°  coapression  comer.  This  flow 
has  been  expariaentally  investigated  by  Settles, 
Vas  and  Bogdonoff^  and  includes  a  small  region  over 
which  separation  of  the  incident  turbulent  boundary 
layer  occurs.  Figure  6  coapares  coaputed  and 
aeaaured  surface  pressure,  (^/Pa,  and  skin  fric¬ 
tion,  cf.  The  Bultiscale  aodel  predicts  acre 
upstreaa  influence,  a  lower  pressure  plateau  at 
separation,  and  a  more  gradual  increase  in  skin 
friction  downstream  of  reattschaent  relative  to  the 
k-v>  results.  All  of  these  features  represent  sig¬ 
nificant  iaproveaent  in  predictive  accuracy. 

Figure  7  coapares  computed  and  aeaaured  velocity 
profiles  throughout  the  interaction  region.  Again, 
Bultiscale  model  predictions  are  much  closer  to 
measured  properties  than  k-w  aodel  predictions, 
especially  near  the  separation  point. 


Using  the  k-c  model  and  specially  devised  wall 
functions,  Viegaa,  Rubesin  and  Horstman^^  are  able 
to  achieve  similar  accuracy  for  this  flow. 

4.3  24°  Coapression  Comar 

The  second  of  the  three  applications  is  for  Mach 
2.84  flow  into  a  24°  coapression  corner.  This  flow 
has  also  been  experimentally  investigated  by 
Settles,  Vas  and  Bogdonoff^  and  includes  a  larger 
region  over  which  separation  of  the  incident  turbu¬ 
lent  boundary  layer  occurs  than  in  the  20°  case  of 
the  preceding  section.  Figure  8  compares  computed 
and  aeaaured  surface  pressure  and  skin  friction. 
As  in  the  20°  compression-corner  computation,  the 
Bultiscale  aodel  predicts  much  more  upstream 
influence.  Interestingly,  the  k-«  predicted  pres¬ 
sure  plateau  at  separation  is  very  close  to  the 
measured  level,  and  there  is  little  difference 
between  k-u  and  aultiscale  predicted  increase  in 
skin  friction  downstreaa  of  reattachment. 

Figure  9  compares  computed  and  measured  velocity 
profiles  throughout  the  interaction  region.  Again, 
Bultiscale  aodel  predict'ons  are  closer  to  measured 
properties  than  k-u  model  predictions,  most  notably 
near  the  separation  point.. 

Note  that,  for  this  flow,  Viegas,  Rubesin  and 
Horstman^^  predict  pressure  plateau  values  about 
20\  higher  than  measured,  and  are  unable  to  simul¬ 
taneously  make  accurate  predictions  for  skin  fric¬ 
tion  downstream  of  reattachment  and  the  initial 
rise  in  surface  pressure.  That  is,  their  solutions 
can  match  either  skin  friction  or  surface  pressure, 
but  not  both. 
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Figure  6.  Comparison  of  computed  and  measured  skin 
friction  and  surface  pressure  for  Mach 
2.79  flow  into  a  20°  compression  corner; 
s  18  tangential  distance  froa  comer. 
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Figure  7.  Comparison  of  computed  and  measured 
velocity  profiles  for  Mach  2.79  flow 
into  a  20°  compression  corner;  y  is 
distance  normal  to  the  surface. 


4.4  Axi»yetric  CoMPrwion  Corner 
Our  third  application  ia  for  Mach  2.85  flow  into  a 
30**  axiayaMtric  coapreaaion  comer.  This  flow  has 
been  experiaentally  investifated  by  Brown^  and 
includes  a  separation  bubble  of  length  coaparable 
to  the  24^  planar  coapression  corner  discussed  in 
the  preceding  subsection.  Figure  10  coopares  coa- 
puted  and  aeasured  surface  pressure.  Coaputed  skin 
friction  la  also  shown.  Once  again  we  see  that  the 
aultiscale  aodel  predicts  such  sore  upstreaa 
influence.  For  both  aodels,  the  predicted  pressure 
plateau  at  separation  is  about  10\  higher  the 
aeasured  level,  and  there  is  little  difference 
between  k-u  and  aultiscale  predicted  increase  in 
skin  friction  downstreaa  of  reattachaent.  The 
overall  pressure  rise  is  predicted  by  both  aodels 
to  be  4.7,  while  the  aeasureaenta  indicate  a  value 
of  4.O.-  The  inviscid  pressure  rise  for  a  30°  axi- 
syaaetric  coapression  corner  is  4.4,  so  that 
neither  theory  nor  experiaent  appears  to  be 
coapletely  consistent  with  the  physics  of  this 
flow. 

Figure  11  coapares  coaputed  and  aeasured  velocity 
profiles  throughout  the  interaction  region.  Multi- 
scale  model  predictions  are  close'r  to  aeasured 
properties  than  k-w  aodel  predictions  throughout 
the  interaction  region.  Because  of  the  stronger 
than  aeasured  overall  pressure  rise,  the  coaputed 
zero  velocity  line  is  acre  distant  froa  the  wall 
than  aeasured,  thus  distorting  the  profiles 
somewhat. 

In  order  to  eliainate  the  possibility  that  the 
finite  difference  grid  is  too  coarse  to  provide  an 


accurate  coaputation  for  the  freestreaa,  the  k-u 
computation  has  been  repeated  with  an  80  x  60  grid. 
In  the  refined  grid,  the  saae  spacing  is  used  for 
the  boundary  layer  while  30  equally  spaced  points 
cover  the  region  from  y=S<,  to  ysSSg.  No  signifi¬ 
cant  changes  in  the  solution  result  froa  this  aesh 
refineaent. 

4.5  Data  Analysis 

Results  presented  in  the  preceding  subsections 
indicate  that,  for  the  three  coapreasion-coraer 
cases  considered,  the  aultiscale  at^el  provides  a 
flowfield  Bore  consistent  with  experimental  obser¬ 
vations  than  does  the  k-u  aodel.  The  primary 
reason  for  the  difference  in  the  two  aodel 's 
predictions  can  be  found  by  examining  predicted 
behavior  of  the  Reynolds  shear  stress  near  the 
separation  point.  Figure  12  shows  the  peak  value 
of  the  Reynolds  shear  stress,  throughout  the 
interaction  region  for  the  three  compress  ion-comer 
computations.  As  shown,  the  k-u  model  predicts  a 
sore  abrupt  increase  in  at  separation  and  a 
much  larger  aaxiaua  value  than  that  predicted  by 
the  aultiscale  aodel.  For  the  axisyaaetric  case, 
the  figure  includes  experiaental  data  for  points 
ahead  of  the  aeasured  separation  point.  As  shown, 
the  aultiscale  aodel  predicted  T^ax  fells  within 
the  scatter  of  the  experiaental  data. 

The  physical  implication  of  the  pronounced  differ¬ 
ence  in  the  rate  of  amplification  of  the  Reynolds 
shear  stress  is  clear.  Using  the  Boussinesq 
approximation,  the  k-w  aodel  aakes  a  far  sore  rapid 
adjustaent  to  the  rotation  of  the  aean  strain  rate 
tensor's  principal  axes  than  the  aultiscale  aodel. 


c . 


-3 

Figure  8. 
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Comparison  of  computed  and  aeasured  skin 
friciion  and  surface  pressure  for  Mach 
2.84  flow  into  a  24°  compression  corner; 
s  IS  tangential  distance  froa  corner. 
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Figure  9.  Coaparison  of  computed  and  measured 
velocity  profiles  for  Mach  2.84  flow 
into  a  24°  compression  corner;  y  is 
distance  normal  to  the  surface. 
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Consequently,  the  predicted  separation  point  and 
initial  pressure  rise  lie  closer  to  the  corner  with 
the  k-u  aodel  than  aeasured.  Predicting  Bore 
physically  realistic  growth  of  the  Reynolds 
stresses,  the  aultiscale  aodel  predicts  overall 
flow  properties  which  are  in  Buch  closer  agreeaent 
with  Beasureaents . 

It  IS  interesting  to  note 'that  for  the  aultiscale 
BOdel,  although  the  pressure  is  in  such  close 
agreeaent  with  aeasureaents ,  the  nuaerical  separa¬ 
tion  points  are  further  upstreaa  than  indicated  by 
oil  flow  aeasureaents  for  all  three  coapression 
corner  cases.  Table  3  suaaarizes  coaputed  and 
aeasured  separation  points.  Careful  exaaination  of 
the  nuaerical  flowfielda  ahows  that:-  (a)  the 
aeparation  bubble  is  extraaely  thin  near  its 
leading  edge;  and,  (b)  reverae  flow  velocities  are 
very  aaall  in  this  extraaely  thin  region.  This 
behavior  ia  best  exeaplified  in  Figures  7  and  11. 
Specifically,  the  profile  at  s/to  '  ~0.44  in  Figure 
7  and  the  profile  at  a/tg  =  -2.50  in  Figure  11  both 
ahow  that  the  reverse  flow  portion  of  the  nuaerical 
profile  lies  below  the  experiaental  data.  Given 
the  excellent  agreeaent  between  coaputed  and 
aeaaured  aurface  presaure  which  is  strongly 
influenced  by  separation  bubble  ahape,  the  coaputed 
aeparation  points  appear  aore  physically  realistic 
th^  those  indicated  by  the  oil  flow  aeasureaents. 

S.  SisMarv  and  Conclusions 

Part  1  of  the  paper  shows  that  the  aultiscale  aodel 
accurately  predicts  effects  of  surface  roughness, 
Bass  injection  and  atreaaline  curvature  for 


Table  3.  Coaputed  and  aeaaured  separation  points 


Case 

Multiscale 

k-u 

Measured 

20° 

-0.56 

-0.38 

-0.45 

24° 

-1.73 

-1.23 

-1.33 

30° 

-2.60 

-1.70 

-1.50 

attached  boundary  layers.  Additionally,  the  aodel 
perforas  resaonably  well  for  the  aixing  layer.  As 
in  past  applications  to  non-separated  flows,  with 
the  exception  of  atreaaline  curvature  effects  for 
which  two-equation  aodels  do  not  apply,  no  clear 
advantage  is  evident  in  using  the  aultiscale  aodel 
as  the  k-w  aodel  is  nearly  as  accurate. 

Part  2  of  the  paper  addresses  three  separated 
flows,  using  the  aass-averaged  Navier-Stokes  equa¬ 
tions  and  both  the  k-u  and  aultiscale  aodels.  The 
aultiscale  aodel  is  clearly  superior  for  supersonic 
coapression  corner  flows,  which  is  especially 
obvious  in  the  vicinity  of  separation. 

The  aultiscale  aodel  *8  superiority  over  the  k-u 
aodel  appears  to  be  due  to  a  aore  physically 
realistic  description  of  the  Reynolds  stress 
tensor.  Unlike  the  k-u  aodel  which  uses  the 
Bouasinesq  approxiaation  that  Reynolds  stress  is 
proportional  to  aean  strain  rate,  the  aultiscale 
aodel  predicts  a  gradual  increase  in  Reynolds  shear 
stress  near  separation.  Because  the  flow's  effec¬ 
tive  resistance  to  separation  is  thus  reduced,  the 
separation  point,  and  hence  the  initial  rise  in 
pressure,  lies  farther  froa  the  corner.  Multiacale 


Figure  10.  Coaparison  of  coaputed  and  aeasured  skin 
friction  and  surface  presaure  for  Mach 
2.85  flow  into  a  30°  coapression  corner; 
8  18  tangential  distance  froa  comer. 


into  a  30°  coapression  corner;  y  is 
distance  noraal  to  the  axis  of  syasKtry. 
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■odel  predicted  surface  pressure  is  much  closer  to 
■easureaents  than  the  corresponding  k-u  model  sur¬ 
face  pressure.  Close  agreeaent  with  limited  exper¬ 
imental  Reynolds  shear  stress  data  for  the 
axisyametric  compression  corner  flow  adds  further 
verification  that  the  aultiscale  model's  predic¬ 
tions  are  physically  sound. 

On  balance,  the  results  obtained  indicate  that  an 
important  advance  in  the  state  of  the  art  of 
separated-flow  numerical  simulation  has  been  made. 
These  results  leave  little  doubt  that  continued  use 
of  turbulence  models  based  on  the  Boussineaq 
approximation  holds  scant  promise  for  accurate 
predictions.  By  contrast,  the  multiscale  model, 
with  only  a  SOk  computational  penalty  per  timestep, 
brings  numerical  predictions  into  much  closer 
agreement  with  the  physics  of  separated  flows. 
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Figure  12.  Variation  of  peak  Reynolds  shear  stress 
through  the  interaction  region  for  the 
compression-corner  computations:  — k-« 
model:  —  aultiscale  model:  •  Brown^. 


For  incompressible  flow  over  a  surface  with  radius 
of  curvature  R,  the  equations  of  wtion  cu'e  most 
conveniently  written  by  following  So  and  Mellor^^ 
who  show  that  close  to  the  surface  the  potential 
flow  solution  is  Up(x,y)  =  Up,,{x)e"y/**.  Thus, 
centrifugal  and  Coriolis  acceleration  terms  can  be 
absorbed  in  the  convective  terms  by  rewriting  the 
equations  in  terms  of  u^UxeF'^^  and  v^UysF^^,  where 
Ux  and  Uy  are  the  physical  velocity  components  in 
the  X  and  y  directions,  respectively.  Hence,  for 
an  incompressible  boundary  layer  on  a  curved  sur¬ 
face,  the  multiscale  model  equations  are 


hu/ix  +  iw/by  =  0  (Al) 

ubu/bx  *  vbu/by  =  Up^dUpn/dx 

b/by[vbu/by  +  t/p]  (A2) 

ubk/bx  +  vbk/by  =  T(bu/by-u/R)  -  g*uk 

+  b/by[(v+o*vr)lJ(/by]  {A3) 

ubui/bx  +  vbu/by  =  (ru/k)T(bu/by-u/R)  -  Bu? 

-  8{oibu/by+u/Ri 

+  b/by((  vtovr)bQ/byJ  (A4) 

ub(k-e)/bx  +  vb(k-e)/by  =  ( l-or-B)t(bu/by-u/R) 

-  B*(J<(l-e/k)3/2  (A55 


ubox/ix  ♦  vbox/by  =  2/j[2(i-B,)+B)T(bu/by-u/R) 

♦  2(2-&+B)tu/R  -  B»Ciucx  (A6) 

uboy/bx  ♦  vboy/by  =  -2/3[(l-b)+28)T(bu/by-u/R) 

-  2(2-a+B)TU/R  -  B*CiutJy  (A7) 

ubr/bx  +  vbT/by  -  [-Box  *  (l“5)®y 

+  2/3(i.a.B+3V4)k](bu/by-u/R) 

+  (2-&+B)(ffy-Ox)U/R  -  g*CjUT  (A8) 

where  Ox  ^  <u*2'>  -  2/g|<  and  oy  =  <v'2>  -  2/3J,, 
Note  that  it  makes  little  difference  if  (u,v),  or 
(Ux>Uy)  are  used  in  Equations  (A3-A8).  Using  (u,v) 
in  the  mean-flow  equations  is  important,  however, 
as  It  obviates  the  need  to  solve  the  normal  com¬ 
ponent  of  the  momentum  equation. 
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APPENDIX  E:  AN  ALTERNATIVE  TO  WALL  FUNCTIONS 


\ 


The  paper  reproduced  in  this  appendix  was  presented  at  the  AIAA  27*'’  Aerospace  Sciences 
Meeting,  held  in  Reno,  Nevada,  January  9-12,  1989.  The  formal  reference  to  this  paper  is 
as  follows. 

Wilcox,  D.  C.,  "Wall  Matching,  A  Rational  Alternative  to  Wall  Functions," 

AIAA  Paper  89-0611,  Jan.  1989. 

This  paper  uses  perturbation  methods  to  develop  a  rational  procedure  for  circumventing 
integration  through  the  viscous  sublayer.  Applications  include  several  shock-separated 
flows.  The  primary  value  of  this  approach  would  be  for  three-dimensional  Reynolds- 
averaged  Navier-Stokes  computations. 
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Abstract 

A  methodology  is  presented  which  uniquely  estab¬ 
lishes  surface  boundary  conditions,  consistent  with 
the  law  of  the  wall,  for  advanced  turbulence  mod¬ 
els.  This  procedure  is  superior  to  the  use  of  so- 
called  "wall  functions"  as  solutions  demonstrably 
converge  toward  the  corresponding  solution  ob¬ 
tained  by  integrating  through  the  viscous  sublayer 
in  turbulent  flows.  Consistent  with  previous 
Navier-Stokes  applications  using  wall  functions, 
computing  times  for  turbulent  flows  with 
boundary-layer  separation  e^e  reduced  dramatically 
as  compared  to  computations  which  integrate 
through  the  sublayer. 


I.  Introduction 

The  conventional  approach  used  to  implement 
boundary  conditions  at  a  solid  boundary  for  turbu¬ 
lence  model  computations  is  to  postulate  wall  func¬ 
tions  appropriate  to  the  problem  of  interest.  While 
the  original  intent  of  wall  functions  may  have  been 
to  simply  accommodate  surface  boundary  conditions, 
their  use  has  also  accomplished  the  purpose  of 
adding  adjustable  parameters  to  the  turbulence 
model  as  a  whole. 

On  the  one  hand,  having  additional  adjustable 
parameters  offers  the  possibility  of  being  able  to 
encompass  a  wider  range  of  flow  situations  -  a 
desirable  end.'  On  the  other  hand,  as  shown  by 
Wilcox^  using  wall  functions  can  actually  mask 
inherent  deficiencies  of  the  turbulence  model  as  a 
whole,  most  notably  in  the  case  of  the  widely-used 
k-c  model  -  an  undesirable  (and  misleading)  end. 
Numerical  solutions  are  often  very  sensitive  to 
boundary  conditions  and,  correspondingly,  wall 
functions  are  probab'  the  greatest  cause  of 
uncertainty  in  turbulent-flow  compulation82. 

The  primary  purpose  of  this  paper  is  to  use  the 
method  of  singular  perturbations  to  effect  formal 
matching  to  the  law  of  the  wall,  including  effects 
of  compressibility.  Using  this  approach,  the  result¬ 
ing  boundary  conditions  are  unique  to  the  turbu¬ 
lence  model  to  within  a  single  additive  constant. 
While  analysis  is  confined  to  the  Wilcox  k-u  model^ 
and  the  Wilcox  multiscale  model^,  the  methodology 
is  completely  general  and  can  be  applied  to  any 
advanced  turbulence  model. 

The  analysis  has  been  done  with  effects  of  com¬ 
pressibility  included,  following  the  approach  first 
implemented  by  Saffman  and  Wilcox^.  In  contrast 
to  the  Saffman-Wilcox  analysis,  however,  effects  of 
pressure  gradient  have  also  been  included.  This 
proves  to  be  very  important  in  using  wall  func¬ 
tions. 


^President;  Associate  Fellow  AlAA. 


Prior  to  this  analysis,  the  wall  function  develop¬ 
ment  of  Viegas,  Rubesin  and  Horstman^  has  been 
the  most  effective  and  physically  acceptable  for 
compressible  flow  applications.  The  primary  advan¬ 
tage  of  their  development  is  manifested  in  a  tre¬ 
mendous  reduction  in  computing  time  required  for 
time-averaged  Navier-Stokes  computations.  Their 
applications  include  boundary  layer  separation  and 
they  demonstrate  quite  convincingly  that  use  of  a 
logarithmic  near-wall  velocity  profile  yields  satis¬ 
factory  accuracy  on  separated  regions. 

Computations  in  this  paper  for  three  separated 
flows^i’^  add  further  substantiation  to  this  claim. 
In  fact,  the  case  for  using  the  law  of  the  wall 
through  separated  regions  is  even  more  convincing¬ 
ly  demonstrated  in  this  paper  since  two  of  the 
computations  have  also  been  done  with  the  equa¬ 
tions  of  motion  integrated  through  the  sublayer. 
Differences  attending  the  use  of  wall  matching  are 
shown  to  be  unimportant. 

The  advantage  of  using  the  formal  matching  proce¬ 
dure  becomes  particularly  evident  when  grid  point 
spacing  is  varied.  Computed  skin  friction  and 
surface  temperature/heat  transfer  vary  by  about 
5X  when  the  point  nearest  the  surface  lies  at 
values  of  y*  between  10  and  320.  Most  important¬ 
ly,  the  computed  values  using  wall  matching  are 
within  7X  of  values  obtained  by  integrating 
through  the  viscous  sublayer  without  the  aid  of 
wall  matching.  This  stands  in  distinct  contrast  to 
results  obtained  with  conventional  wall  functions 
such  as  those  of  Viegas,  Rubesin  and  Horstman 
where  corresponding  differences  would  be  2SX  or 
more  with  no  obvious  convergence  to  a  well  defined 
limiting  value  as  y*  *  0. 

Not  all  of  the  improvement  in  grid  insensitivity 
results  from  use  of  wall  matching,  however.  Unlike 
the  k-u  model,  the  k-c  model  is  very  ill  behaved 
approaching  a  solid  boundary,  and  cannot  be  easily 
integrated  through  the  viscous  sublayer.  This  is 
the  primary  reason  the  Viegas,  Rubesin  and  Horst¬ 
man  computations  fail  to  produce  convergence  as 
y*  0. 

To  demonstrate  the  dramatic  reduction  in  computing 
time,  the  paper  includes  results  of  a  hypersonic 
(Mach  11.3)  shock/boundary-layer  interaction^ 
computation.  Without  the  aid  of  wall  matching,  the 
computation  would  require  six  hours  of  CPU  time 
on  a  Cray  XM-P/48.  The  computation  presented 
has  been  done  on  a  fast  desk  top  microcomputer 
(80386/Weitek).  This  economy  can  have  an  impor¬ 
tant  impact  on  the  practicability  of  using  numerical 
simulations  in  the  design  process  for  vehicles  such 
as  the  National  Aerospace  Plane. 

Section  II  discusses  the  theoretical  foundation  of 
wall  matching  and  develops  boundary  conditions 
appropriate  to  both  the  Wilcox  k-u  and  multiscale 
models  for  compressible  flows,  including  effects  of 
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pressure  gradient.  Section  III  illustrates  the  way 
in  which  wall  matching  is  implemented  in  a  Navier- 
Stokes  computation.  Section  IV  presents  results  of 
compressible  Navier-Stokes  computations  implement¬ 
ing  wall  matching.  The  concluding  section  summa¬ 
rizes  results  of  the  study.  The  Appendix  includes 
the  equations  which  constitute  the  Wilcox  k-w  and 
multiscale  models. 

II.  Theoretical  Foundation  of  Wall  Mstchins 

Generally  speaking,  in  order  to  solve  the  equations 
of  motion  for  viscous  flow  over  a  solid  surface,  we 
must  specify  boundary  conditions  valid  at  the  sur¬ 
face.  Often,  in  turbulent  flow  computations,  it  is 
convenient  to  avoid  integration  through  the  sub¬ 
layer.  This  can  be  done  by  assuming  the  law  of 
the  wall  to  be  valid  for  the  flow  of  interest  so 
that,  following  Saffman  and  Wilcox^,  we  write 

u*2  =  u,[ie"llog(u^y2/vw)  +  B]  (1) 

where  du*  :  ypZp’wdu,  u^  is  friction  velocity,  < 
is  Karnian's  constant,  B  =  5  for  smooth  surfaces  and 
is  kinematic  viscosity  at  the  surface.-  The 
quantities  u*2  and  y2  denote  tangential  velocity 
and  normal  distance  from  the  surface  at  the  first 
mesh  point  adjacent  to  the  surface.  Note  that,  in  a 
strict  mathematical  sense,  the  boundary  condition 
we  are  actually  using  when  we  invoke  Equation  (1) 
is: 

u*  u^[ic"Mog(u^y/vyy)  +  B]  as  y  <  0  (2) 

We  are  thus  idealizing  the  flow  as  having  a  zero 
thickness  viscous  sublayer  (relative  to  the  overall 
scale  of  the  boundary  layer). 


is  density  at  the  surface,  u^  is  friction  velocity 
defined  by  =  Pw^r^,  Cp  is  specific  heat,  and 
PrT  is  turbulent  Prandtl  number.  The  five  closure 
coefficients,  0,  6*,  r,  o  and  a*  assume  the  follow¬ 
ing  values. 

B  :  3/40,  B*  =  9/100,  t  =  S/9,  a  =  a*  =  1/2  (8) 

One  solution  to  Equations  (3-8),  which  we  shall 
denote  as  k  =  k^  and  w  =  u^,  is: 


=  (Pw/plut^/v^ 

(9) 

=  V'Pw/P  lu^/lvTfxy) 

(10) 

which  is  valid  since  the  closure  coefficients  satisfy 
the  condition  t  =  B/B*  -  2cne2/^/yT,  Equations  (9) 
and  (10)  are  used  to  define  k2  and  u2  at  y  =  y2.  As 
with  the  law-of-lhe-wall  velocity  boundary  condi¬ 
tion,  the  precise  mathematical  statement  of  the 
wall-function  boundary  conditions  for  k  and  w  is 

k  «  kvy  and  w  *  as  y  -  0  (11) 

Equations  (2),  (9)  and  (10)  are  valid  for  both  the 
k-u  and  multiscale  models. 

B.  Non-Uniqueness  of  Wall  Functions 

Because  the  equations  for  k  and  w  are  of  second 
order.  Equations  (9)  and  (10)  are  not  the  only 
solutions  of  Equations  (3-8).  This  point  is  most 
easily  demonstrated  for  the  limiting  case  of  incom¬ 
pressible  flow.  By  changing  independent  variables 
from  y  to  u,  the  equation  for  k  simplifies  to 

o*d2K/du2  :  8*k2  -  1  (12) 


A.  The  Origin  of  Wall  Punctions 

When  a  turbulence  model  is  used  which  involves 
partial  differential  equations  describing  evolution 
of  turbulent  field  properties  in  addition  to  the 
mean  flow  conservation  equations,  more  boundary 
conditions  are  needed.  For  example,  using  a  two- 
equation  k-u  turbulence  model,  we  must  specify 
appropriate  boundary  conditions  for  the  turbulent 
energy,  k,  and  specific  dissipation  rate,  w.  Histor¬ 
ically,  this  IS  the  point  at  which  so-called  "wall 
functions"  are  introduced.  These  functions  gener¬ 
ally  are  deduced  by  examining  the  limiting  form  of 
the  turbulence  model  equations  as  y  *  0.  The 
equations  simplify  in  this  limit  primarily  through 
dropping  of  the  convection  terms.  For  example, 
using  the  method  first  outlined  by  Saffman  and 
Wilcox^  for  a  constant  pressure  compressible 
boundary  layer,  the  Wilcox  k-u  model  equations 


(see  Appendix)  simplify  to  the  following: 

M^du/dy  :  Pw^T^  (2) 

Mxd(CpT)/dy  :  Pr^lq^  -  tu)  (4) 

MT(du/dy)2  -  0*puk  +  o*d/dy(p'j'<^k/dy)  =  0  (5) 

Tp(du/dy)2  .  5pu2  +  od/dy(p'i'du/dy)  =  0  (6) 

where  p  is  density,  T  is  temperature,  t  is  shear 
stress,  and  the  eddy  viscosity,  mt*  defined  by 

MX  -  pk/u  (7) 


In  Equations  (3-6),  is  surface  shear  stress,  p^y 


where  K  :  k/Uf2  and  U  =  u/u,.  As  above,  one 
solution  has  dK/dU  :  0  so  that  K  :  1//71. 
There  are  also  solutions  having  dK/dU  8  0  which 
can  be  obtained  by  multiplying  both  sides  of 
Equation  (12)  by  dK/dU  and  integrating  twice  to 
obtain 


d( 


(13) 


where  A  is  an  integration  constant  and  Ko, 
denote  reference  values  of  K,  U.  Equation  (13)  is 
an  elliptic  integral  whose  properties  vary  widely 
with  the  value  of  the  integration  constant  A.  The 
primary  goal  here  is  not  tu  examine  in  detail  the 
behavior  of  K  contained  in  Equation  (13).  Rather, 
the  key  point  is  to  emphasize  that  more  than  one 
solution  to  the  model  equations  exists  and  that, 
without  careful  analysis,  we  cannot  be  sure  that  all 
solutions  necessarily  are  consistent  with  the  law  of 
the  wall. 

The  latter  observation  underscores  why  arbitrarily 
deviating  from  Equations  (9-11)  by  using  some 
value  other  than  B*  and/or  x  for  example  may 
yield  unexpected  surprises,  many  of  which  may  be 
lurking  in  the  integrand  of  Equation  (13).  In 
essence,  by  selecting  the  wall  functions  defined  in 
Equations  (9-10)  we  are  (a)  demanding  that  our 
boundary  conditions  be  consistent  with  the  differ¬ 
ential  equations  and  (b)  excluding  any  other 
asymptotic  behavior  (as  y  «  0)  which  might  be  incon¬ 
sistent  with  the  law  of  the  wall. 


C.  Bff«cU  of  Gradient 

All  of  tbo  analyaii  abova  aaaumea  conatant  prea- 
aura.  Aa  will  ba  ahown  in  thia  aubaactiont  Equa> 
tiona  (9-10)  ara  inappropriata  unlaaa  boundarr 
conditiona  ara  appliad  much  cloaar  to  tha  aurfaca 
than  ia  dona  in  common  practice.  To  aaa  thiai  nota 
that  now  Equation  (3)  muat  ba  replaced  by 


Mfdu/dy  3  Pwu,2  ^  y(dp/dx) 

(14) 

where  p  is  density  and  dp/dx  ia  pressure 
Equations  (4-6)  remain  as  before, 
y*  3  u^/v^  we  can  rewrite  Equation  (14) 

gradient. 

Letting 

aa 

Mjdu/dy  3  p^u,2(i  *  ey*) 

(15) 

where  tha  dimensionless  parameter  e  is  defined  by 

•  3  v„(dp/dx)/(pu,3) 

(16) 

Order  of  magnitude  eatimatea  for  boundary-layer 
flows  in  pressure  gradient  indicate  e  is  a  small 
parameter  except  possibly  in  the  immediate  vicinity 
of  separation.  Thia  suggests  seeking  a  aolution  of 
the  form: 

k  3  (p,y/p)u,2/yVT  (1  *  ekiy*  ♦  ...] 

(17) 

w  3  yp^/p  iu^/(y5T(y)(i  ♦  euiy*  ♦  ...J 

(18) 

du*/dy  3  uV(xy)  (1  ♦  euiy*  ♦  ...J 

(19) 

Straightforward  aubatitution  of  Bqualiona  (17-19) 
into  Equationa  (4,5)6.14)  yialda  the  aolution  up  to 
tarma  linear  in  a  aa  followa. 


tarma  linear  in  a  aa  followa. 
k-u  Modal 

k|  :  1.16,  wi  s  -0.32.  :  -0.48  (20a) 

111  s  1.04,  ui  3  -0.86,  ui  3  -1.11  (20b) 

To  loading  order  of  approximation,  tha  mean  energy 
aquation  and  aquation  of  atata  for  a  perfect  gaa 
intagrato  to 

T  3  Tw  -  (PPr<lw/Cp3w>u  -  (PrT/2Cp)u2  (21) 

p  3  Pw  (22) 

P  :  Pw(Tw/T)  (23) 


Conaaquantly,  for  flowa  with  proaaura  gradient, 
Equation  (2)  muat  ba  replaced  by 

u*  •  u,(x~Mog(u^/v)  ♦  B  ♦  ui(f/x)u,y/vw] 

aa  y  «  0  (24) 

while,  to  thia  order  of  approximation,  tha  wall 
functiona  and  defined  in  equationa  (9)  and 
(10)  muat  ba  replaced  by 

kw  3  (p|»/p)uj2//fT  1 1  *  kiau,y/vw]  (25) 

uw  '  ypw/P  iu,J/(y5»xy)  {1  ♦  uiaufy/vw]  (26) 

With  tha  exception  of  tha  additive  conatant  B  in 
Equation  (24),  tha  asymptotic  form  of  tha  solution 
ia  unique  to  tha  turbulence  modal  of  intarast.  Tha 


model  aquations  must  ba  integrated  through  tha 
sublayer  to  determine  B.  For  virtually  all  applica- 
tiona  of  tha  k-w  and  multiscala  models,  tha  incom- 
prasaibla  smooth  wall  value  of  B  3  S  appears 
appropriate,  and  this  is  tha  recommended  value. 

For  tha  multiacala  model,  tha  asymptotic  values  of 
the  various  Reynolds  stress  components  must  also 
bo  derived.  The  perturbation  solution  gives  the 
following. 

T,y  3  t  s  tw  n  *  PUty/vw]  (27) 

T„  3  -.426(pw/p)ut2/yyi(l  ♦  .85eu,y/v^J  (28) 

Tyy  3  .032(p^/p)Ut2/y7*[l  *  .85eu^/v^]  (29) 

k-e  3  .253(p,t/p)Ut^/v^[l  ♦  .85pu^/v^J  (30) 

To  illustrate  tha  importance  of  the  order  a  correc¬ 
tions  on  computational  accuracy.  Figure  1  shows 
resulta  of  an  incompressible  computation  with  the 
<-w  model  in  which  the  order  a  corraettona  have 
been  omitted.  The  flow  considered  is  the  Brad- 
shawS  "Plow  C  adverse  pressure  gradient  bound¬ 
ary  layer.  In  the  computation,  surface  boundary 
conditions  have  bean  appliad  at  values  of  y^ 
ranging  between  12  and  20.  The  figure  compares 
computed  turbulent  energy  at  x  3  7  feat  with 
Equation  (25).  At  this  x  location,  the  value  of  y^ 
for  the  mash  point  nearest  the  surface  is  12.  As 
shown,  the  numerical  solution  rapidly  approaches 
the  analytical  aolution  given  by  Equation  (25)  and 
the  two  solutions  differ  by  lass  than  2X  above 
y*  3  30. 

In  a  subsequent  solution  in  which  the  order  a 
corrections  to  the  law  of  the  wall  and  tha  wall 
functions  have  been  included,  tha  numerical  and 
analytical  solutions  are  virtually  identical  up  to 
about  y*  s  100.  For  larger  values  of  y*,  terms  of 
order  ^  presumably  become  important. 

^  k/u^ 


from  predicted  near-wall  behavior  resulting  from 
use  of  zeroth-order  wall  matching. 


On  the  one  hand,  akin  frtctton  for  tha  two  numeri¬ 
cal  computationa  changea  by  leaa  than  2%  indicat¬ 
ing  neglect  of  the  order  e  correctiona  ia  not  terri¬ 
bly  important.  On  the  other  hand,  note  that  in 
applying  the  boundary  conditiona  at  y*  =  12  the 
error  in  <  ie  about  4X.  Applying  tha  boundary 
conditiona  at  y*  -  40,  a  value  typical  for  thoae  who 
uae  wall  functiona  in  their  work,  the  error  in  k 
increaaea  to  14X  and  yielda  a  akin  friction  error  of 
nearly  6X.  By  contraat,  aolutiona  are  virtually 
independent  of  the  point  of  application  of  the  wall 
functiona  when  the  order  e  correctiona  are  includ¬ 
ed. 

D.  Additional  Detaila 

Two  additional  quantitiea  are  needed  from  the 
perturbation  aolution  in  order  to  implement  wall 
matching  in  a  Navier-Stokea  computation.  Specifi¬ 
cally,  the  aeymptotic  value  of  the  aource  term  in 
tha  turbulence  kinetic  energy  equation  muat  be 
evaluated  to  inaure  numerical  accuracy  and  an 
analytical  relationahip  between  u  and  u*  ia  re¬ 
quired. 

To  leading  order,  production  balancea  diaaipation, 
which  ia  conaiatant  with  one  of  the  poatulatea  of 
atandard  wall  function  formulaliona.  From  the 
perturbation  aolution,  the  difference  ia  of  order  e 
and  ia  given  by 

(Tjjbuj/bxj  -  5*puk)/ok  =  C|(e>/pw/p  ty^/Pw  (31) 

where 

t2yVT(Kui-Mi)/K  ;  k-u  Model 

(32) 

vTr(KUi-wi«l-ki)/K;  Multiacale  Model 

By  definition,  du*  :  /p/pwdu,  ao  that  aubatitut- 
ing  for  p/pw  from  Equationa  121)  and  (23)  there 
followa 


where 


a3  :  Pf'i'/lCpTy^),  b  c  -Pr'|*qy^/(CpTyytn,)  (34) 


III.  Implementation 

Detaila  regarding  implementation  of  wall  matching  in 
a  Navier-Stokea  computation  depend  to  aome  extent 
upon  the  numerical  echeme  uaed.  In  the  preeent 
atudy,  the  computer  program  uaed  ia  known  aa 
E0DY2C  and  ia  baaad  upon  MacCormack’a^  implicit 
method.  The  computational  aequence  in  ED0Y2C  ia 
aa  followa. 

1.  At  the  beginning  of  each  timeatep.  Equation  (21) 

ia  uaad  to  evaluate  either  Tyy  or  q^/^w  1)** 

known  velocity  parallel  to  the  aurface  at  tha  grid 
point  neareat  the  aurface,  y2. 

2.  Pw  >>  computed  from  Equation  (23)  in  terma  of 
the  known  denaity  and  temperature  at  y2. 

3.  The  tranaformed  velocity  u*2  ia  computed  in 
terma  of  the  known  velocity  at  y2  from  Equationa 
(33)  and  (34). 


4.  Uaing  the  known  valuea  of  u*2  and  y2.  Equation 
(24)  ia  aolved  for  u,. 

5.  Tha  aurface  flux  vector,  Gy^,  which  repreaenta 
the  flux  normal  to  the  aurface  for  maaa,  tangential 
momentum,  normal  momentum,  total  energy,  turbu¬ 
lent  kinetic  energy,  and  apecific  diaaipation  rate,  ia 
apecified  according  to 

®w  -  I  0  ”*w  Pw  Qw  0  “(32  (35) 

where  py^  :  P2  according  to  Equation  (22).  The 
quantity  G2  ia  tha  flux  from  the  top  of  the  finite 
difference  call  neareat  the  aurface.  Further 
comment  on  thia  feature  will  be  made  below. 

6.  Valuea  of  all  parametera  at  tha  reflected  point, 
y]  =  -y2  are  tha  aame  aa  thoae  uaad  for  integra¬ 
tion  through  the  viacoua  aublayer,  e.g., 

uj  =  -  U2,  VI  s  -  V2,  ki  =  -  k2  (36) 

7.  The  aource  term  for  turbulent  kinetic  energy  ia 
apecified  according  to  Equationa  (31)  and  (32). 

8.  The  aource  term  for  apecific  diaaipation  rate,  w, 
ia  replaced  by  (wyy-w).  Becauae  u  ia  very  large 
near  the  aurface,  thia  forcea  the  aolution  algorithm 
to  converge  to  u2  =  wy^. 

9.  The  aolution  ia  advanced  one  timeetep  and 
program  control  returna  to  Step  1  until  ateady  flow 
conditiona  are  achieved. 

Thia  acheme  providea  minimum  diaruption  of  normal 
program  operation.  All  nine  atepa  could  be  accom- 
pliahed  in  a  aingle  aubroutine  although,  for  clarity, 
two  aubroutinea  have  been  added  to  EDDY2C.  The 
main  reaaon  for  thia  minima)  diaruption  ia,  aa  notad 
in  Step  6,  the  boundary  conditiona  uaad  at  the 
aurface  for  all  flow  variablea  are  identical  to  thoae 
uaed  in  a  computation  which  integratea  through  the 
viecoua  aublayer.  Wall  matching  affecta  tha  aolu¬ 
tion  aa  followa.  Equation  (24)  aervea  aa  the  conati- 
tutive  relation  between  aurface  ahear  atraaa  and 
the  mean  velocity  profile,  while  Equationa  (21-23) 
eatabliah  either  aurface  temperature  or  aurface 
heat  flux  in  terma  of  the  mean  temperature  and 
velocity  profilea.  Equationa  (31)  and  (32)  aet  tha 
net  rate  of  production  of  turbulence  in  the  finite 
difference  cell  adjacent  to  the  aurface.  Finally, 
Step  8  forcea  the  apecific  diaaipation  rata  at  the 
meah  point  cloaeat  to  the  aurface  to  aaaume  the 
value  given  in  Equation  (26). 

The  aurface  flux  for  w  ia  infinite  aa  ia  diaaipation 
of  u  which  exactly  balancea  the  aurface  flux  aingu- 
larity.  Conaequentiy,  the  moat  diract  way  of 
enforcing  u2  :  uyy  ie  to  integrate  the  equation  for 
u  beginning  at  the  meah  point  adjacent  to  the 
aurface.  In  the  procedure  outlined  above,  thia  end 
ia  accompliahed  in  an  indiract  manner  by  cauaing 
an  axact  cancellation  of  the  diffuaion  term  (aee 
Step  S),  and  making  the  net  production  term  in  the 
aquation  for  w  proportional  to  the  difference 
between  wy^  and  the  computed  value  of  u.  Hence, 
in  the  finite  difference  call  adjacent  to  the  aurface, 
we  are  in  effect  replacing  the  equation  for  u  with 

6(pw)/bt  =  (Uyy  -  u)pu  (37) 

Thia  indirect  method  of  aetting  w2  =  wy^  haa  been 
uaad  apecifically  to  leave  program  logic  unaltered. 


Solution  accuracy  can  ba  improved  aomewhat  for 
unuaually  amall  valuae  of  u^y2/vw  aa  follows. 
Pirati  solve  Equation  (24)  in  the  usual  manner  and 
call  the  solution  ti^  Theni  compute  the  friction 
velocity  appropriate  to  a  linear  velocity  profile, 
and  call  it  Ci^  Finally,  set  u,  =  max[  ti,  ,  Q,  1* 

As  a  final  comment,  unusual  transient  behavior 
auch  ae  that  experienced  early  in  a  computation 
can  lead  to  erratic  behavior  of  the  parameter  a* 
Potentially,  such  transients  can  even  lead  to  insta¬ 
bility  and  destruction  of  the  solution.  To  suppress 
this  undesirable  effect,  provision  has  been  made  in 
EDDY2C  to  limit  the  magnitude  of  a.  For  all  of  the 
compuUtions  to  date,  no  instability  has  been  de¬ 
tected  provided  a  eatiefies  the  followinf  equation. 

iay2*i  <  3/4  (38) 


IV.  Applications 

To  demonstrate  how  well  the  wall  matchinf  proce¬ 
dure  works  in  numerical  computations,  three  types 
of  applications  have  been  made,  all  using  program 
E0DY2C,  a  compressible  Navier-Stokes  program 
implementing  MacCormack’s^  method.  The  first 
computations  are  for  a  constant  pressure  Mach  3 
boundary  layer.  Next,  we  simulate  two  cases  of 
Mach  3  flow  into  a  compression  corner,  including 
boundary-layer  separation.  Finally,  a  hypersonic 
shock/boundary-layer  interaction  is  simulated. 
With  the  exception  of  the  hypersonic  case,  all 
computations  have  been  done  using  both  the  k-w 
and  multiacale  models. 

A.  Flat  PlaU  Boundary  Uyer 

The  first  computations  are  for  a  Mach  3,  adiabatic 
wall,  constant  pressure  boundary  layer.  The 
purpose  of  these  computations  is  to  establish  the 
accuracy  of  the  wall  matching  procedure  for  an 
attached  boundary  layer.  Most  importantly,  our 
goal  is  to  determine  solution  sensitivity  to  the 
location  of  the  grid  point  closest  to  the  surface.  A 
total  of  twenty  mesh  points  are  placed  normal  to 
the  surface,  and  y2*  has  been  varied  from  10  to 
320.  Figure  2  shows  the  percent  error  in  skin 
friction  relative  to  the  value  computed  by  integrat¬ 
ing  through  the  viscous  sublayer  (using  y2*  ^  0.6). 
The  error  for  the  k-w  model  is  everywhere  less 
than  6X,  while  the  error  for  the  multiscale  model  is 
generally  about  2X  larger  than  the  corresponding 
k-w  model  error.  Moot  importantly,  for  both 
models  there  is  a  monotonic  decrease  in  the  error 
as  y2^  increases  down  to  about  30.  For  smaller 
values  of  y2^,  the  error  increases  slightly. 

B.  Compression  Corner  Flows 

Figures  3,  4,  S  and  6  compare  wall  matching  solu¬ 
tions  with  corresponding  solutions  obtained  by 
integrating  through  the  sublayer,  and  with  experi¬ 
mental  data^.  Two  different  ramp  angles  have  been 
considered,  viz,  20°  (Figures  3  and  4)  and  24° 
(Figures  5  and  6).  The  finite  difference  meshes 
for  the  20<>  wedge  consist  of  25  mesh  points  normal 
to  the  surface,  15  of  which  lie  in  the  boundary 
layer  upstream  of  the  interaction.  For  the  24® 
wedge,  there  are  30  points  normal  to  the  surface, 
with  15  in  the  boundary  layer.  By  comparison,  25 
mesh  points  are  needed  to  resolve  the  sublayer. 


Fereeat  Error 


Figure  2.  Percent  error  in  skin  friction  as  a  func¬ 
tion  of  mesh  point  placement  adjacent  to  the  eur- 
face  for  a  Mach  3  flat  plate  boundary  layer. 


For  the  wall  matching  computation,  the  value  of  y2^ 
varies  from  8  to  80  on  the  20®  wedge  and  from  8 
to  90  on  the  24°  wedge.  In  both  cases,  y2*  is  30 
for  the  boundary  layer  upstream  of  the  interaction. 
Based  on  the  analysis  of  Subsection  IV-A,  this 
value  yields  the  minimum  error  when  the  bound¬ 
ary  layer  is  attached.  All  computations  have  been 
done  on  a  16.7  megahertz  80386-basod  microcomput¬ 
er  with  a  Weitek  math  coprocessor.  Table  1 
summarizes  computing  times.  Corresponding  com¬ 
puting  times  for  integration  through  the  sublayer 
range  from  15  to  35  hours. 


Table  1.  Computing  Timee  for  Compression  Corners 


Wedge  Angle 

k-w 

Multiscale 

20® 

4.0  hours 

6.0  hours 

24® 

6.0  hours 

10.5  hours 

As  shown  in  Figures  3  and  4,  the  eurface  pressure 
distributions  for  both  models  are  almost  unaffected 
on  the  20®  wedge.  Unsurprisingly,  for  both  mod¬ 
els,  skin  friction  differs  most  in  the  separation 
bubble,  and  the  wall-matching  bubbles  are  about 
20X  smaller.  Skin  friction  differencee  of  lOX  or 
leas  persist  downstream  of  reattachment  because  of 
the  difference  in  separation  bubble  size. 

Figures  5  and  6  demonstrate  somewhat  larger  dif¬ 
ferences,  primarily  because  the  separation  bubble 
is  30X  smaller  in  the  wall  matching  computations. 
Again,  differences  persist  downstream  of  reattach¬ 
ment  due  to  the  difference  in  separation  bubble 
size. 
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Figure  3.  Comparieon  of  computed  and  meaaured 
■kin  fricUon  and  surface  preaaure  for  Mach  3  flow 
into  a  20*^  compression  corner  using  the  k-u 
model,  o  Settles,  et  al;  —  •  0;  — -  y*  s  30. 


Figure  S.  Comparison  of  computed  and  measured 
■kin  friction  and  surface  pressure  for  Mach  3  flow 
into  a  24°  compression  corner  using  the  k-u  model, 
o  Settles,  et  al;  ——  y*  *  0;  — y*  s  30. 


Figure  4.  Comparison  of  computed  and  measured 
■kin  friction  and  surface  pressure  for  Mach  3  flow 
into  a  20°  compression  corner  using  the  multiscale 
model,  o  Settles,  et  al;  —  y*  •»  0; - y*  -  30. 


Figure  6.  Comparison  of  computed  and  measured 
skin  friction  and  surface  pressure  for  Mach  3  flow 
into  a  24°  compression  corner  using  the  multiscale 
model,  o  Settles,  et  al;  -  ■  ■  y^  ■*  0;  — y^  :  IS; 

- y*  :  30. 
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Tho  multiscale  24°  computation  haa  also  been  done 
with  halved  (i.e.,  -  IS  upstream  of  the  inter¬ 

action)  to  examine  the  hypotheaia  that  wall  match- 
inf  aolutiona  converfe  uniformly  toward  the  aotu- 
tion  obtained  by  integratinf  through  the  sublayer, 
at  leaat  away  from  separated  regions.  As  shown, 
differences  between  the  y^  =  IS  and  y^  «  0  compula¬ 
tions  are  amaller  than  those  between  the  y*  =  30  and 
y'*'  *  0  computations,  thus  confirming  the  hypothesis. 
Apparently,  the  wall  matching  solutions  converge 
toward  a  separation  bubble  size  smaller  than  the 
y'*’  *  0  solution  which  accounts  for  roost  of  the  dif¬ 
ferences. 

C.  Hypereonic  Shock  Boundary  Layer  Interaction 

The  final  application  is  for  ths  interaction  of  a 
hypersonic  turbulent  boundary  layer  with  an 
oblique  shock  wave.  The  computation  haa  been 
done  using  the  multiscale  model,  with  y^*  ranging 
between  S  and  400.  Figure  7  compares  computed 
and  measured'^  surface  pressure.  Since  no  special 
compressibility  modifications  have  been  made  to  the 
multiscale  model,  close  agreement  between  theory 
and  experiment  is  not  expected.  T-his  computation 
nevertheless  demonstrates  the  efficiency  of  using 
wall  matching.  That  is,  the  computation  required 
19  hours  a  16.7  megahertz  80386/Weitek-based 
microcomputer  as  compared  to  6  hours  on  a  Cray 
XM-P/48  for  a  yz*  ■*  0  computation. 
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Figure  7.  Comparison  of  computed  and  measured 
surface  pressure  for  a  Mach  11  shock  boundary 
layer  interaction;  multiscale  model. 


V.  SiiBiiiiaFy  end  Conclusions 

Wall  matching  is  an  objective  procedure  for  devis¬ 
ing  surface  boundary  conditions  which  can  be  used 
to  obviate  integration  through  the  viscous  sublay¬ 
er.  The  approach  differs  in  spirit  from  the  con¬ 
ventional  use  of  wall  functions  primarily  in  the 
avoidance  of  any  attempt  to  enhance  the  turbulence 
model.  There  are  four  key  points  underscoring 
this  difference  in  philosophy  which  can  be  stated 
as  follows. 

1.  In  matching  to  the  law  of  the  wall  we  are,  in  a 
strict  mathematical  sense,  insisting  upon  specified 
asymptotic  behavior  of  the  velocity/surface-strese 


relationship  in  the  limit  y/S  •  0,  where  t  is  a 
length  characteristic  of  the  overall  scale  of  the 
boundary  layer. 

2.  In  using  wall  functions,  we  are  likewise  insisting 
upon  specified  asymptotic  behavior  of  turbulence 
field  properties  in  the  limit  y/t  *  0. 

3.  Wall  functions  are  not  unique.  For  a  given 
turbulence  model,  there  is  generally  more  than  one 
asymptotic  solution  as  y/$  *  0  and  only  one  of 
these  solutions  can  usually  be  said  with  certainty 
to  be  consistent  with  the  law  of  the  walL 

4.  In  using  wall  functions  for  flows  with  pressure 
gradient,  solution  accuracy  can  be  impaired  if 
proper  account  is  not  taken  of  its  effect  on  the 
wall  functions  and  upon  their  point  of  application. 

Results  of  the  applications  indicate  the  wall  match¬ 
ing  procedure  is  both  computationally  efficient  and 
accurate.  While,  unlike  the  k-t  model,  the  k-u  and 
multiscale  models  do  not  require  wall  matching  to 
achieve  accurate  solutions  in  general,  there  are 
applications  where  wall  matching  will  be  needed, 
most  notably  for  three  dimensional  Navier-Stokas 
computations. 
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Appendix;  Bouations  of  Motion 

This  appendix  summarizes  the  Wilcox  k-w  and  mul- 
tiscale  models.  These  models  differ  in  the  postu¬ 
lated  constitutive  relation  between  the  Reynolds 
stress  tensor  and  mean  flow  properties.  The  k-w 
model  implements  the  Boussinesq  approximation  in 
which  Reynolds  stress  is  assumed  proportional  to 
mean  strain  rate.  By  contrast,  the  multiscale  model 
computes  each  component  of  the  Reynolds  stress 
tensor  individually. 

Mean  Conservation  Equations 

For  both  models,  we  must  solve  the  mass- 
averaged^^  equations  for  conservation  of  mass, 
momentum  and  energy,  viz, 

bp/bt  ♦  b/bxj(puj)  :  0  (Al) 

b/btipuj)  ♦  b/bxjipujuj)  :  -bp/bxi 

♦  bT,j/bXj  (A2) 

b/bt(pE)»b/bXj(pUjH)  =  b/bXjlujTij  -  qj 

♦  (A3) 

where  t  is  time,  Xj  is  position  vector,  u[  is  velocity 

vector,  p  IS  pressure,  p  is  density,  fij  is  the  sum 
of  molecular  and  Reynolds  stress  tensors  and  qj  is 
the  sum  of  molecular  and  turbulent  heat-nux 
vectors.  In  Equation  (A3),  the  quantities 
E=e^keuiUi/2  and  H:hik*UiUi/2  are  total  energy  and 
total  enthalpy,  respectively,  with  h:«+p/p;  s  and  h 
denote  internal  energy  and  enthalpy,  m  and  mt 
are  molecular  and  eddy  viscosity,  pk  is  turbulent 
kinetic  energy  and  e*  is  a  closure  coefficient. 


Oontltutive  RalaUon« 


For  both  modela,  tho  heat  flux  vector  ie  computed 
according  to 

qj  =  -<M/PrL+Mx/Prt)bh/bxj  (A4) 

where  Pr^  and  Pr^  are  laminar  and  turbulent 
Prandtl  numbare. 

The  remaining  atep  needed  to  cloae  thia  ayatem  of 
equationa  ia  to  poatulate  a  relation  between  the 
total  atreaa  tenaori  tij.  and  maaa-averaged  flow 
propertiea.  For  both  modelai  total  atreaa  ia  related 
to  ^ynolda  atreaa,  xij,  according  to 

%ij  5  2M[Sij-(l/3)bu|t/bx||Sij]  *  ty  (A5) 

where  Sy=(l/2)(bui/bXj>buj/bXi)  ia  the  mean  atrain 
rata  tenaor. 

On  the  one  hand,  the  k-u  model  uaea  the  Bouaai- 
neaq  approximation  that  Reynolda  atreaa  ia  propor¬ 
tion^  to  mean  atrain  rate,  viz, 

ty  X  2MTtSy-(l/3)buh/bxi,Syl  -  (2/3)pk*y  (A6) 

On  the  other  hand,  with  the  multiacale  model,  we 
introduce  two  energy  acalaa  correaponding  to 
upper  and  lower  partitiona  of  the  turbulent  energy 
apactrum.  The  multiacale  model  computea  xy  ac¬ 
cording  to 


By  =  -CiB*«lTy+(2/3)pkly]  ♦  ftPy  ♦  foy 
♦  $pklSy-(l/3)bui,/bx||Sy] 

+  (2/3)«*p«k(l-e/k)3/2jy  (A12) 

where  C^,  a,  8  and  9  are  cloaure  coefficienta. 
The  tenaora  Py  and  Dy  are  defined  by 

Py  =  tim^Uj/i«m'^Jm^*'i/^*m  (A13) 

Dy  =  timbuia/bxjftjn,bun/bxi  (A14) 

Finally,  it  ia  inatructive  to  contract  Equation  (All) 
which  yielda  the  following  equation  for  upper- 
partition  energy,  p(k-e)  =  -(l/2)pT|(|(. 

b/M[p(k-e)]  ♦  b/bxj[puj(k-e)]  =  (l-a-fllxybuj/bxj 

-  J»puk(l-e/k)3/2  (Ais) 

Thia  equation  ia  normally  uaed  in  place  of  one  of 

the  normal  atreaa  componenta  of  Equation  (All). 

Cloaure  Coefficienta 

Finally,  the  ten  cloaure  coefficienta  appearing  in 
Equationa  (A1-A15)  have  been  eatabliahed  in  the 
prior  atudiea  by  Wilcox^ No  changea  in  thoae 
coefficienta  have  been  made  for  any  of  the  applica- 
tiona  in  thia  atudy.  Their  valuea  are  aa  followa. 


’ij  -  oTy  -  (2/3)peJy  (A7) 

where  pTy  ia  the  upper  partition  contribution  to 
the  Reynolda-atreaa  tenaor  and  pe  ia  the  energy  of 
the  eddiea  in  the  lower  partition. 

Turbulent  Bnerav  and  Diaaipation  Rate 

Both  modela  determina  turbulent  energy  and  apecif- 
ic  diaaipation  rate,  w,  from  the  following  two  equa¬ 
tiona. 

b/bt(pk)  f  b/bxj(pujk)  :  x|jhui/bxj  -  4*pwk 

♦  (A®) 

b/bt(pw)  ♦  b/bXj(pUjw)  S  (Tw/k)TybUi/bXj 
-  0pw(w  ♦  t./2nynjj  ) 

whera  0ij:(l/2)(bui/hxj-buj/hxi)  ia  the  mean  rota¬ 
tion  tenaor.  The  quantitiea  8,  0*,  r,  (,  e  and  a* 
are  cloaure  coefficienta.  Note  alao  that  the 
eddy  viacoaity,  mT'  appearing  in  Equationa  (A3,  A4, 
A6,  A8,  and  A9)  ia  defined  by 


Multiacale  Model 
a  s  42/55,  0  s  6/55,  9  = 

0  s  3/40,  T  s  4/5,  a  s 

0*  5  9/100,  t  s  I  ,  a*  s 

Cl  s  I  ♦  4(l-e/k)3/2 
k-u  Model 

0  s  3/40,  r  s  5/9,  a  = 

0*  :  9/100,  t  :  0  ,  a*  = 
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MT  ~  pk/w  (AlO) 

Upper  Partition  Bouationa 

For  tho  multiacale  model,  the  upper  partition 
Reynolda  atreaa  equation  ia 

b/bt(pTy)  ♦  b/hXK(puj,Ty)  *  -  Py  ♦  Ejj  (All) 

whore  Eg  repreaenta  the  exchange  of  energy 
amongat  tne  mean,  upper-partition  and  lower-parti¬ 
tion  onargioa,  and  ia  given  by 
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APPENDIX  F:  SEPARATED  FLOW  APPLICATIONS 


The  paper  reproduced  in  this  appendix  appears  in  the  July,  1990  issue  of  the  AIAA  Journal. 
The  formal  reference  to  this  paper  is  as  follows. 

Wilcox,  D.  C.,  "Supersonic  Compression-Corner  Applications  of  a  Multiscale 
Model  for  Turbulent  Flows,"  AIAA  Journal,  Vol.  28,  No.  7,  Jul.  1990,  pp. 
1194-1198. 

This  paper  applies  the  Wilcox  k-w  and  multiscale  models  to  three  Mach  3  compression 
corner  flows  including  separation  of  a  turbulent  boundary  layer.  The  paper  demonstrates 
that  the  multiscale  model  is  superior  for  such  applications. 
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Supersonic  Compression-Corner  Applications 
of  a  Multiscale  Model  for  Turbulent  Flows 


David  C.  Wilcox* 

DCW  Industries,  Inc.,  La  Canada,  California 


The  new  "muliiscale"  model  for  lurbuleni  flows  developed  by  Wilcox  has  been  subjected  to  a  continuing 
series  of  rigorous  applications,  including  shock-induced,  boundary-layer  separation,  to  test  its  accuracy  in  simu¬ 
lating  complex  flow  phenomena.  While  previous  applications  have  been  inconclusive  regarding  superiority  of  the 
muliiscale  model  over  two-equation  models,  results  obtained  demonstrate  a  marked  improvement  in  predictive 
accuracy  for  flows  which  Include  boundary-layer  separation.  As  speculated  In  its  original  development,  the 
model  is  superior  because  it  accounts  for  disalignment  of  the  Reynolds-siress-lensor  and  the  mean-slrain-raie- 
lensor  principal  axes. 


I.  Introduction 

HIS  paper  includes  results  of  three  shock-separated  tur¬ 
bulent  boundary  layer  computations  using  both  the  mul¬ 
tiscale  and  k-u)  models  developed  by  Wilcox.''^  In  all  cases, 
detailed  comparisons  with  experimental  data  are  presented. 
Flows  considered  include  two  planar  Mach  3  compression- 
corner  flows^  and  an  axisymmetric  Mach  3  compression  cor¬ 
ner  flow.*  The  flows  selected  provide  a  definitive  measure  of 
differences  attending  use  of  the  multiscale  model  compared  to 
the  k-w  model. 

To  underscore  the  significance  of  the  results  obtained  in  this 
study,  it  is  worthwhile  to  briefly  review  our  own  efforts  over 
the  past  IS  yr  in  quest  of  an  acceptable  numerical  solution  for 
flow  into  a  compression  corner.  Wilcox’  performed  the  first 
solutions  to  the  Reynolds-averaged,  Navier-Siokes  equations 
using  an  advanced  turbulence  model  for  shock-induced  sepa¬ 
ration  of  a  turbulent  boundary  layer.  This  early  computa¬ 
tional  fluid  dynamics  (CFD)  study  included  six  computations, 
three  for  reflection  of  an  oblique  shock  from  a  flat  plate  and 
three  for  flow  into  a  compression  corner.  Results  of  the  study 
indicate  that,  using  a  two-equation  turbulence  model,  a  rea¬ 
sonably  accurate  description  of  the  flowfield  can  be  obtained 
for  reflection  of  an  oblique  shock  from  a  flat  plate.  However, 
the  numerical  flowfields  for  the  compression  corner  cases  dif¬ 
fer  significantly  from  the  experimentally  observed  flowfields, 
even  though  Mach  and  Reynolds  numbers  and  shock  strength 
are  identical  to  those  of  the  flat-plate  cases.  Thus,  a  seemingly 
simple  change  in  flow  geometry  causes  a  major  difference  m 
predictive  accuracy. 

To  put  these  computations  in  proper  perspective,  note  that 
the  turbulence  model  used  was  the  Saffman-Wilcox* 
model  with  surface  boundary  conditions  given  by  matching  to 
the  law  of  the  wall,  a  procedure  which  has  since  come  to  be 
referred  to  as  using  wall  functions.  The  numerical  algorithm 
used  was  a  first-order  accurate,  explicit,  time-marching  proce¬ 
dure.  Since  this  study,  computational  methods  have  improved 
dramatically  thanks  to  the  innovative  work  of  many  research¬ 
ers,  most  notably,  MacCormack,’  Beam  and  Warming,*  and 
Steger’.  Today,  it  is  possible  to  perform  two-equation  turbu¬ 
lence  model  computations  for  shock-separated  flows  without 
the  aid  of  wall  functions  on  a  (relatively  crude)  1200-point 
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finite  difference  mesh  using  a  fast  desk  top  microcomputer."’ 
However,  until  this  study,  little  improvement  in  predictive  ac¬ 
curacy  relative  to  our  results  of  1974  has  been  realized  for 
compression  corner  flows. 

The  work  of  Horstman,  et  al."  '^  provides  clear  substantia¬ 
tion  of  this  claim.  They  have  applied  many  turbulence  models 
to  shock-separated  flows  with  almost  universal  results,  viz 
I)  too  little  upstream  influence  as  shown  by  pressure  starting 
to  rise  well  downstream  of  the  measured  beginning  of  adverse 
pressure  gradient;  2)  surface  pressure  in  excess  of  measured 
values  above  the  separation  bubble;  3)  skin  friction  higher 
than  measured  downstream  of  reattachment;  and  4)  velocity 
profiles  downstream  of  reattachment  which  indicate  flow  de¬ 
celeration  in  excess  of  corresponding  measurements. 

On  the  one  hand,  by  using  wall  functions  and  the  k-t  turbu¬ 
lence  model,”  Viegas,  Rubesin  and,  Horstman”  are  able  to 
remove  item  3  from  this  list.  On  the  other  hand,  they  achieve 
only  modest  improvements  in  the  other  items.  This  lack  of 
success  on  the  compression-corner  problem,  which  has  per¬ 
sisted  for  more  than  a  decade,  is  excellent  testimony  to  the  oft 
quoted  statement  that  turbulence  modeling  is  the  pacing  item 
in  CFD. 

Reference  5  conjectures  that  the  relatively  poor  perform¬ 
ance  of  the  two-equaticn  model  for  the  compression  corner 
computations  is  caused  by  the  model’s  use  of  the  Boussinesq 
approximation,  which  holds  that  the  principal  axes  of  the 
Reynolds  stress  tensor  are  parallel  to  those  of  the  mean  strain 
rate  tensor.  The  physical  reasoning  is  that,  unlike  the  flow  in¬ 
duced  by  an  oblique  shock  reflecting  from  a  flat  plate,  the 
mean  strain  rate  tensor’s  principal  axes  abruptly  rotate  at  the 
flat-plate/ramp  junction.  The  Boussinesq  approximation  im¬ 
plies  that  the  Rey  nolds  stresses  also  change  abruptly  which,  on 
physical  grounds,  would  be  a  rather  questionable  event. 

The  excellent  predictions  made  by  Johnson”  ”  for  tran¬ 
sonic  flow  over  a  "bump"  substantiate  the  notion  that  use  of 
the  Boussinesq  approximation  lies  at  the  root  of  the  two- 
equation  model’s  inability  to  accurately  simulate  properties  of 
separated  flows.  Using  an  approach  in  which  a  lag  occurs  be¬ 
tween  sudden  changes  in  mean  strain  rate  and  the  Reynolds 
shear  stress,  Johnson  is  able  to  duplicate  measured  flow  pro¬ 
perties  to  within  engineering  accuracy.  His  predictions  are  so 
much  better  than  those  obtained  with  the  k-i  model  that  fur¬ 
ther  applications  with  the  latter  seem  pointless— especially 
since  the  k-t  model  fares  so  poorly  even  for  attached  boundary 
layers  in  an  adverse  pressure  gradient.^  While  Johnson  offers 
significant  improvement  for  transonic  separated  flows,  the 
model  has  been  demonstrated  to  be  accurate  for  a  limited 
range  of  Mach  numbers  and  has  been  developed  much  in  the 
spirit  of  mixing  length,  i.e.,  it  is  a  very  powerful  “incomplete" 
model  of  turbulence. 
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The  primary  purpose  of  this  research  study  has  been  to  ap¬ 
ply  both  the  multiscale  and  A-u  models  to  the  three  well 
documened  separated  flows  referenced  above  and  to  assess  the 
differences.  As  will  be  shown,  the  differences  are  profound, 

II.  Equations  of  Motion 

All  of  the  computations  in  this  study  have  been  done  using 
both  the  multiscale  and  k-u)  models.  These  models  differ  in  the 
postulated  constitutive  relation  between  the  Reynolds  stress- 
tensor  and  mean-flow  properties.  The  k-u  model  implements 
the  Boussinesq  approximation  in  which  Reynolds  stress  is 
assumed  proportional  to  mean-strain  rate.  By  contrast,  the 
multiscale  model  computes  each  component  of  the  Reynolds 
stress  tensor  individually.  Complete  details  of  the  turbulence 
model  equations  are  given  in  Refs.  1  and  2. 

III.  Applications 
A.  Numerical  Procedure 

Algorithm 

The  numerical  algorithm  used  in  the  computations  was  de¬ 
veloped  by  MacCormack^  and  has  been  used  for  many  com¬ 
pressible  separated  flow  computations  by  Hortsman,  et 
al.n.it.u  of  ju  proven  track  record,  we  obtained  the 

version  of  Horstman's  program,  which  uses  the  k-t  turbulence 
model  to  describe  the  turbulence.  After  purging  the  k-t  model 
and  incorporating  the  multiscale  and  k-w  models,  we  find  that 
the  modified  program  requires  about  307«  more  memory  than 
the  original,  primarily  because  of  the  additional  arrays  needed 
for  the  Reynolds  stress  components. 
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Turbulence  Modeh 

All  computations  have  been  done  using  both  the  k-u  and 
multiscale  models.  The  k-u  model  is  far  less  complex  than  the 
k-t  model,  mainly  because  of  all  the  special  viscous  modifica¬ 
tions  needed  to  integrate  the  k-t  model  through  the  sublayer. 
As  a  consequence,  a  computation  using  the  k-u  model  requires 
only  75Tq  as  much  CPU  time  per  time  step  as  one  using  the  k-t 
model.  The  multiscale  model  requires  approximately  SO^* 
more  CPU  time  than  the  k-u  model.  Thus,  a  computation  us¬ 
ing  the  multiscale  model  requires  about  12^o  more  CPU  time 
per  time  step  than  a  corresponding  computation  using  the  k-t 
model. 

Finite- Difference  Grids 

Dimensions  of  the  computational  domains  for  each  case  are 
listed  in  Table  I  in  terms  of  the  thickness  of  the  incident 
boundary  layer,  if,.  In  all  three  computations,  the  rmite- 
difference  grid  consists  of  80  equally-spaced  points  between 
upstream  and  downstream  boundaries,  and  4S  points  lie  be¬ 
tween  the  lower  and  upper  boundaries.  The  first  30  grid  points 
normal  to  the  surface  extend  to  >  =  60;  grid-point  spacing  in¬ 
creases  m  a  geometric  progression  with  a  grading  ratio  be¬ 
tween  30<''o  and  3S<t'«.  The  remaining  IS  points  arc  equally 
spaced,  covering  the  region  from^’sio  to  the  top  of  the  grid. 


Table  I  Prlinar>  flow  ani!  numerical  parameters 


Parameter 

20  deg 
corner 

24  deg 
corner 

30  deg 
corner 

Mach  number 

2.79 

2.84 

2.85 

Toial  pressure  (psf) 

14,J13 

14,451 

3,600 

Toial  lemp.  (deg  R) 

464 

472 

513 

Wall  temp,  (deg  R) 

493 

497 

487 

B  L.  thickness,  io  (f» 

.082 

.075 

.033 

Mom  thickness,  Re^ 

93,800 

82,050 

9,366 

Shape  facior,  H 

5.08 

5.08 

4.00 

Und  lengih  (ax/60) 

8 

10 

10 

Grid  height  (ay/60) 

6 

6 

5 

lime  steps 

7.000 

24.000 

12,000 

Gw  CPU  lime  (min) 

17 

60 

32 

Multiscale  lime  steps 

7.000 

40,000 

12,000 

Muliiscale  CPU  (min) 

25 

138 

45 

Fig.  I  Comparison  of  compuied  and  measured  skin  friction  and  sur¬ 
face  pressure  for  Mach  2.79  flow  into  a  20  deg  compression  corner;  s 
is  tangential  distance  from  corner. 


The  mesh  point  closest  to  the  surface  lies  below  y*  =  0.7 
throughout  the  grid  in  all  three  cases.  Upstream  of  the  ramp, 
finite  difference  cells  are  rectangular.  Downstream  of  the 
ramp,  the  cells  are  parallelograms  aligned  with  the  ramp. 

Boundary  and  Iniiial  Conditions 

Upstream  boundary  conditions  for  the  three  computations 
have  been  obtained  from  a  two-dimensional,  boundary-layer 
program.  We  have  been  able  to  match  the  measured  values  of 
Re^i  and  H  for  each  case  to  within  t^s.  The  upstream 
boundary-layer  profiles  have  also  been  used  as  initial  condi¬ 
tions  throughout  the  computational  domain. 

Other  Details 

The  equations  of  motion  have  been  integrated  through  the 
sublayer  with  a  viscous  Courant  number,  C,  =  2vAf/(d>’)^ 
ranging  between  30  and  90  for  most  of  the  computation  and 
typically  half  this  value  for  the  final  25*7*  of  the  computation 
to  eliminate  any  possibility  of  solution  dependence  on  the  time 
step,  a  procedure  recommended  by  MacCormack.’  In  every 
computation,  a  freestream  fluid  particle  traverses  the  mesh  at 
least  3  times  and  as  many  as  18  times.  The  relatively  long  run 
times  are  a  direct  consequence  of  having  y'  <  I,  which  was 
done  to  insure  solution  accuracy.  Subsequent  numerical  exper¬ 
imentation  has  show  n  that  having  y  ’  as  large  as  2  has  little  ef¬ 
fect  on  solution  accuracy  with  a  significant  reduction  in  CPU 
time. 

IV.  Applications 

B.  20  deg  Comprewiun  Corner 

The  first  of  the  three  applications  is  for  Mach  2.79  flow  into 
a  20  deg  compression  corner.  This  flow  has  been  experimen¬ 
tally  investigated  by  Settles,  Vas  and  Bogdonoff’  and  includes 
a  small  region  over  which  separation  of  the  incident  turbulent 
boundary  layer  occurs.  Figure  1  compares  computed  and 
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Fig.  3  Comparison  of  computed  and  measured  skin  friction  and  sur¬ 
face  pressure  for  Mach  2. 84  How  into  a  24  deg  compression  corner:  s 
is  tangential  distance  from  corner. 


measured  surface  pressure  pJVm  and  skin  friction,  Cf.  The 
multiscale  model  predicts  more  upstream  influence,  a  lower 
pressure  plateau  at  separation,  and  a  more  gradual  increase  in 
skin  friction  downstream  of  reattachment  relative  to  the  k-u) 
results.  All  of  these  features  represent  significant  improve¬ 
ment  in  predictive  accuracy.  Figure  2  compares  computed  and 
measured  velocity  profiles  throughout  the  interaction  region. 
Multiscale  model  predictions  are  much  closer  to  measured 
properties  than  k-u  model  predictions— especially  near  the 
separation  point.  Using  the  k-t  model  and  specially  devised 
wall  functions,  Viegas,  Rubesin  and  Horstman'^  are  able  to 
achieve  similar  accuracy  for  this  flow. 

C.  24  deg  Compression  Corner 

The  second  of  the  three  applications  is  for  Mach  2.84  flow 
into  a  24  deg  compression  corner.  This  flow  has  also  been  ex¬ 
perimentally  investigated  by  Settles,  Vas  and  BogdonofP  and 
includes  a  larger  region  over  which  separation  of  the  incident 
turbulent  boundary  layer  occurs  than  in  the  20  deg  case  of  the 
preceding  section.  Figure  3  compares  computed  and  measured 
surface  pressure  and  skin  friction.  As  in  the  20  deg 
compression-corner  computation,  the  multiscale  model  pre¬ 
dicts  much  more  upstream  influence.  Interestingly,  the  k-u 
predicted  pressure  plateau  at  separation  is  very  close  to  the 
measured  level,  and  there  is  little  difference  between  k-u  and 
multiscale  predicted  increase  in  skin  friction  downstream  of 
reattachment.  Figure  4  compares  computed  and  measured 
velocity  profiles  throughout  the  interaction  region.  Again, 
muliiscale  model  predictions  are  closer  to  measured  properties 
than  k-u  model  predictions,  most  notably  near  the  separation 
point. 

Note  that,  for  this  flow,  Viegas,  Rubesin  and  Horstman'* 
predict  pressure  plateau  values  about  20^i  higher  than 
measured  and  are  unable  to  simultaneously  make  accurate 
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I'ig.  5  ComptrWon  of  compuitd  and  mtasiurtd  tkin  friction  and  sur* 
face  prekture  for  Mach  MS  flow  into  a  30  deg  compression  corner;  t 
is  langeniiai  distance  from  corner. 

predictions  for  skin  friction  downstream  of  reattachment  and 
the  initial  rise  in  surface  pressure.  That  is,  their  solutions  can 
match  either  skin  friction  or  surface  pressure,  but  not  both. 

0.  Asissmmetric  Compression  Corner 

Our  third  application  is  for  Mach  2.8S  flow  into  a  30  deg  ax- 
isymmeiric  compression  corner.  This  flow  has  been  experi¬ 
mentally  investigated  by  Brown^  and  includes  a  separation 
bubble  of  length  comparable  to  the  24  deg  planar  compression 
corner.  Figure  S  compares  computed  and  measured  surface 
pressure.  Computed  skin  friction  is  also  shown.  Once  again 
the  multiscale  model  predicts  much  more  upstream  influence. 
For  both  models,  the  predicted  pressure  plateau  at  separation 
is  about  I0<’'i)  higher  the  measured  level,  and  there  is  little  dif¬ 
ference  between  A-w  and  multiscale  predicted  increase  in  skin 
friction  downstream  of  reattachment.  The  overall  pressure  rise 
is  predicted  by  both  models  to  be  4.7;  whereas  the  measure¬ 
ments  indicate  a  value  of  4.  The  inviscid  pressure  rise  for  a  30 
deg  axisymmetric  compression  corner  is  4.4  so  that  neither 
theory  nor  experiment  appears  to  be  completely  consistent 
with  the  physics  of  this  flow. 

Figure  6  compares  computed  and  measured  velocity  profiles 
throughout  the  interaction  region.  Multiscale  model  predic¬ 
tions  are  closer  to  measured  properties  than  k-u  model  predic¬ 
tions  throughout  the  interaction  region.  Because  of  the 
stronger  than  measured  overall  pressure  rise,  the  computed 
zero  velocity  line  is  more  distant  from  the  wall  than  measured 
and  thus  distorts  the  profiles  somewhat. 

In  order  to  eliminate  the  possibility  that  the  finite-difference 
grid  is  too  coarse  to  provide  an  accurate  computation  for  the 
freestream,  the  k-u  computation  has  been  repeated  with  an 
80  x  60  grid,  in  the  refined  grid,  the  same  spacing  is  used  for 
the  boundary  layer,  and  30  equally  spaced  points  cover  the  re¬ 
gion  from>’-6(,  toy’=  56o.  No  significant  changes  m  the  solu¬ 
tion  result  from  this  mesh  refinement. 


E.  Data  Analysis 

Results  presented  in  the  preceding  subsections  indicate  that, 
for  the  three  compression-corner  cases  considered,  the  multi- 
scale  model  provides  a  flowfield  more  consistent  with  experi¬ 
mental  observations  than  does  the  k-u  model.  The  primary 
reason  for  the  difference  in  the  two  models’  predictions  can  be 
found  by  examining  predicted  behavior  of  the  Reynolds  shear 
stress  near  the  separation  point.  Figure  7  shows  the  maximum 
Reynolds  shear  stress  throughout  the  interaction  region 
for  the  three  compression-corner  computations.  As  shown, 
the  k-u  model  predicts  a  more  abrupt  increase  in  at  sepa¬ 
ration  and  a  much  larger  peak  value  than  predicted  by  the 
multiscale  model.  For  the  axisymmetric  case,  the  figure  in¬ 
cludes  experimental  data  for  points  ahead  of  the  measured 
separation  point.  As  shown,  the  multiscale  model  falls 
within  experimental  data  scatter. 

The  physical  implication  of  the  pronounced  difference  in 
the  rate  of  amplification  of  the  Reynolds  shear  stress  is  clear. 
Using  the  Boussinesq  approximation,  the  k-u  model  makes  a 
far  more  rapid  adjustment  to  the  rotation  of  the  mean  strain 
rate  tensor's  principal  axes  than  the  multiscale  model.  Conse¬ 
quently,  the  predicted  separation  point  and  initial  pressure  rise 
lie  closer  to  the  corner  with  the  k-u  model  than  measured.  Pre¬ 
dicting  more  physically  realistic  growth  of  the  Reynolds 
stresses,  the  multiscale  model  predicts  overall  flow  properties 
which  are  in  much  closer  agreement  with  measurements. 

It  is  interesting  to  note  that  for  the  multiscale  model, 
although  the  pressure  is  in  such  close  agreement  with  measure¬ 
ments,  the  numerical  separation  points  are  further  upstream 
than  indicated  by  oil  flow  measurements  for  all  three  compres¬ 
sion  corner  cases.  Table  2  summarizes  computed  and  mea¬ 
sured  separation  points.  Careful  examination  of  the  numerical 
flowfields  shows  t'hat  a)  the  separation  bubble  is  extremely 
thin  near  its  leading  edge  and  b)  reverse  flow  velocities  are 
very  small  in  this  extremely  thin  region.  This  behavior  is  best 


Fig.  6  Compariion  of  compuitd  and  mtasured  vtlocil)  profiles  for 
Mach  2.85  flow  into  a  30  dtg  compression  corner;  y  is  distance  normal 
to  the  axis  of  symmetry. 
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Fig.  7  \  iriilion  of  peak  Reynolds  shear  stress  through  the  Interac¬ 
tion  region  for  the  compression-corner  computations; - k-ui 

model;  ■  -■  mulllscale  model;  •  Brown.* 


Table  2  Computed  and  measured  separation  points 


Case 

.Multiscale 

k-yi 

Measured 

20* 

-0.56 

-0.38 

-0  45 

24  • 

-  1.73 

-  1.23 

-1.33 

30* 

-2.60 

-  1  70 

-1.50 

exemplified  in  Figs.  2  and  6.  Specifically,  the  profile  at 
s/6o  -  -0.44  in  Fig.  2,  and  the  profile  at  i/6o=  -2.30  in 
Fig.  6;  both  show  that  the  reverse  How  portion  of  the  numeri¬ 
cal  profile  lies  below  the  experimental  data.  Given  the  excel¬ 
lent  agreement  between  computed  and  measured  surface 
pressure,  which  is  strongly  influenced  by  separation  bubble 
shape,  the  computed  separation  points  appear  more  physically 
realistic  than  those  indicated  by  the  oil-flow  measurements. 

V.  Summary  and  Conclusions 

Three  shock-separated  flows  have  been  numerically 
simulated  using  the  mass-averaged,  Navier-Stokes  equations 
and  both  the  k-u  and  multiscale  models.  The  multiscale  model 
is  clearly  superior  for  supersonic  compression  corner  flows, 
which  is  especially  obvious  in  the  vicinity  of  separation. 

The  multiscale  model's  superiorly  over  the  /r-w  model  ap¬ 
pears  to  be  due  to  a  more  physically  realistic  description  of  the 
Reynolds  stress  tensor.  Unlike  the  k-u  model,  which  uses  the 
Boussinesq  approximation  that  Reynolds  stress  is  propor¬ 
tional  to  mean-strain  rate,  the  multiscale  model  predicts  a 
gradual  increase  in  Reynolds  shear  stress  near  separation.  Be¬ 
cause  the  flow’s  effective  resistance  to  separation  is  thus 
reduced,  the  separation  point,  and  hence  the  initial  rise  in 
pressure,  lies  farther  from  the  corner.  Multiscale-model  pre¬ 
dicted  surface  pressure  is  much  closer  to  measurements  than 


the  corresponding  Ar-w  model  surface  pressure.  Close  agree¬ 
ment  with  limited  experimental  Reynolds  shear  stress  data  for 
the  axisymmetric  compression  corner  flow  adds  further  verifi¬ 
cation  that  the  multiscale  model’s  predictions  are  physically 
sound. 

On  balance,  the  results  obtained  indicate  that  an  important 
advance  in  the  state  of  the  art  of  separated-flow  numerical 
simulation  has  been  made.  These  results  leave  little  doubt  that 
continued  use  of  turbulence  models  based  on  the  Boussinesq 
approximation  holds  scant  promise  for  accurate  predictions. 
By  contrast,  the  multiscale  model,  with  only  a  50%  computa¬ 
tional  penalty  per  time  step,  brings  numerical  predictions  into 
much  closer  agreement  with  the  physics  of  separated  flows. 
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APPENDIX  G:  HISTORICAL  OVERVIEW  OF  k-w  MODELS 


The  paper  reproduced  in  this  appendix  was  presented  at  the  AIAA  29*'’  Aerospace  Sciences 
Meeting,  held  in  Reno,  Nevada,  January  7-10,  1991.  The  formal  reference  to  this  paper  is 
as  follows. 

Wilcox,  D.  C.,  "A  Half  Century  Historical  Review  of  the  k-w  Model,"  AIAA 
Paper  91-0615,  Jan.  1991. 

This  paper,  while  reviewing  the  history  of  k-w  models,  includes  applications  to  free  shear 
flows  that  have  not  been  published  elsewhere.  The  paper  shows  that,  while  k-w  model 
solutions  are  sensitive  to  the  freestream  value  of  w,  it  is  the  only  model  capable  of  predict¬ 
ing  a  realistic  spreading  rate  for  all  five  of  the  free  shear  flows  considered. 
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Abstract 

A  brief  historical  review  is  presented  tracing  evolution  of 
the  k-u  two-equation  turbulence  model.  The  review 
compares  the  various  k-u  models  developed  since  1942, 
and  contrasts  them  to  the  well-known  k-e  model.  Straight¬ 
forward  results  based  on  perturbation  analysis  illustrate 
advantages  offered  by  k-u  models  for  flows  with  adverse 
pressure  gradient  and  for  integration  through  the  sublayer. 
As  part  of  the  historical  perspective,  the  paper  shows  that 
Kolmogorov  did  remarkably  well  in  formulating  his  model 
without  the  aid  of  a  computer. 


1.  lairotluciion 

During  the  past  twenty  years,  researchers  .have  devoted  a 
great  deal  of  effort  to  formulation  and  testing  of  turbulence 
models.  The  aim  of  this  research  has  been  to  devise  an 
approximate  set  of  constitutive  equations  suitable  for 
accurately  and  efficiently  predicting  salient  features  of 
turbulent  flows.  By  far  the  two  most  well-known  models 
are  the  mixing-length  model  and  the  k-e  model. 

The  mixing-length  model  actually  dates  buck  to  the  early 
years  of  the  twentieth  century  when  PrandtP  first  proposed 
the  mixing-length  hypothesis.  Because  of  the  nonlinearity 
introduced  into  the  equations  of  motion,  the  model  enjoyed 
limited  success  for  simple  flows  but  was  not  used  for  even 
the  simplest  boundary-layer  computations  prior  to  the 
advent  of  computers.  As  computers  became  available  to 
scientists  and  engineers,  refinements  by  Van  Driest,’ 
febeci  and  Smith*  and  others  led  to  the  modern  day  form 
of  the  model. 

By  contrast,  the  k-e  model  is  a  product  of  the  computer  age. 
As  noted  by  Launder  and  Spalding,'*  the  model  was  first 
formulated  in  the  late  1960’s  when  mainframe  computers 
were  about  as  fast  as  today's  80?8&-based  personal  comput¬ 
ers.  Today  the  k-e  model  is  the  most  widely  used  (and 
modified)  two-equation  turbulence  model  in  existence. 

The  k-€  model  is  not  the  only  two-equation  model  and  is.  in 
fact,  a  relative  newcomer  on  the  turbulence  modeling 
scene.  Kolmogorov^  formulated  a  two-equation  turbulence 
model  a  quarter  of  a  century  earlier,  viz,  in  1942.  As  w'th 
most  such  models,  Kolmogorov  chose  the  kinetic  energy  of 
the  turbulence  as  one  of  his  turbulence  parameters  and 
modeled  the  differential  equation  governing  its  behavior. 
His  second  parameter  was  the  dissipation  per  unit  turbu¬ 
lence  kinetic  energy,  u.  In  his  k-u  model,  u  satisfies  a 
differential  equation  similar  to  the  equation  for  k.  Howev¬ 
er.  the  model  went  with  virtually  no  applications  for  the 
next  quarter  century  because  of  the  unavailability  of 
computers  to  solve  its  nonlinear  differential  equations. 

With  no  prior  knowledge  of  Kolmogorov’s  work,  Saffman*" 
formulated  a  k-w  model  which  would  prove  superior  to  the 
Kolmogorov  model.  As  part  of  the  Imperial  College  efforts 
on  two-equation  models,  Spalding*  offered  an  improved 
version  of  the  Kolmogorov  model  which  removed  some  of 
Its  flaws.  Shortly  after  formulation  of  Saffman’s  model  and 
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continuing  to  the  present  time,  Wilcox,  et  aP-*'  have  pur¬ 
sued  further  development  and  application  of  k-u  type 
turbulence  models  in  earnest.  As  Minted  out  by  Lakshmi- 
narayana'^  the  k-u  models  devised  by  Kolmogorov,  Spald¬ 
ing,  Saffman  and  Wilcox  are  the  second  most  widely  used 
class  of  turbulence  models. 

This  paper  traces  evolution  of  the  k-u  turbulence  model 
during  tne  past  49  years.  Additionally  this  paper  demon¬ 
strates  some  of  the  model’s  advantages  over  the  k-e  model 
which  are  important  in  boundary  layers  with  adverse  pres¬ 
sure  gradient  and  low  Reynolds  number  applications.  The 
paper  also  includes  results  for  free  shear  flows  and  some  of 
the  most  recent  applications  of  the  k-u  model,  including 
some  of  the  "Stanford  Olympics  111"'*  (aka  "Collaborative 
Testing  of  Turbulence  Models")  results. 


II.  Historical  Overview 

As  with  all  modern  two-equation  turbulence  models,  k-u 
models  invoke  the  Boussinesq  approximation  so  that  the 
Reynolds-stress  tensor,  <-u,'u,'>.  is  proportional  to  the 
mean  strain  rate,  i.e., 

<-u,'u,'>  =  VilSui/SXi-t- 3u/3x,J  - -/^k  5,,  (1) 

The  eddy  viscosity,  V|,  is  computed  as  the  ratio  of  turbu¬ 
lence  kinetic  energy  and  u  so  that 

Vt  =  V*k/u  (2) 

where  V*  is  a  closure  coefficient.  Excepting  Saffman's 
model,  all  of  the  k-u  models  discussed  in  this  section  postu¬ 
late  that  k  satisfies  the  following  differential  equation. 

dk/dt  =  V|(3u,/3Xj  +  3u,/3x,)- -  i3*uk 

+  3/3X|(o*v',  3k/3xj 

where  d*  and  o*  are  additional  closure  coefficients.  The 
derivative  d/di  is  the  Eulerian  derivative.  The  three  terms 
on  the  right-hand  side  of  Equation  (.^)  are,  respectively: 

•  Turbulence  generation  from  the  mean  shear 

•  Turbulence  dissipation  due  to  self  interaction 

•  Diffusion  associated  with  triple  correlation  terms 

Aside  from  the  approximation  introduced  in  Equation  (1), 
the  generation  term  is  identical  to  the  term  appearing  in  the 
exact  equation  for  turbulence  energy  defined  as  Vieu/u^. 
The  other  two  terms  involve  unknown  correlations.  The 
dissipation,  c,  is  modeled  according  to  e  =  i3*uk,  while  the 
sum  of  the  triple  velocity  correlation  and  pressure  diffusion 
terms  appearing  in  the  exact  equation  for  k  are  modeled  as 
the  last  term  inFquaiion  (.1). 

A.  Kolmogorov’s  Model 

The  very  first  two-equation  turbulence  model  was  formu¬ 
lated  by  Kolmogorov.'  He  referred  to  w  as  "the  rate  of 
dissipation  of  energy  in  unit  volume  and  time."  To  under¬ 
score  its  physical  relation  to  the  "’external  scale’  of  turbu¬ 
lence,  L"  he  also  called  it  "some  mean  ’frequency’  deter¬ 
mined  by  oj  =  ck^VL,  where  c  is  a  constant." 
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Inspection  of  Equations  (2)  and  (3)  shows  why  Kolmogorov 
chose  to  describe  u  in  two  separate  ways.  On  the  one  hand, 
the  reciprocal  of  u  is  the  time  scale  on  which  dissipation  of 
turbulence  energy  occurs.  Hence,  the  variable  is  associated 
with  dissipative  processes.  On  the  other  hand,  in  analogy  to 
laminar  viscosity,  we  expect  the  eddy  viscosity  to  be  propor¬ 
tional  to  the  product  of  a  length  scale  and  a  velocity  scale 
characteristic  of  fluctuations  m  the  direction  of  shear,  e.g., 
k''-.  On  dimensional  grounds,  we  thus  expect  to  have 
w  «  k'^/L. 

The  development  of  the  Kolmogorov  model  in  Reference  .‘i 
is  quite  brief  and  doesn’t  even  establish  values  for  all  of  the 
closure  coefficients.  Since  little  formal  development  of  the 
equations  is  given,  we  can  only  speculate  about  how  this 
great  turbulence  researcher  may  have  arrived  at  his  model 
equations.  Since  he  makes  no  specific  reference  to  any 
exact  equations,  it  seems  unlikely  that  he  attempted  to  close 
the  k  and  other  moments  of  the  Navier  Stokes  equations 
term  b;^  term.  Rather,  as  a  great  believer  in  the  power  of 
dimensional  analysis  that  he  was,  it  is  easy  to  imagine  that 
Kolmogorov’s  original  reasoning  may  have  gone  something 
like  this. 

(1)  Since  k  already  appears  in  the  postulated  constitutive 
relation  [Equation  (1)],  it  is  plausible  that  V|  ««  k. 

(2)  The  dimensions  of  Vj  are  (length)-/(time)  while  those 
of  k  are  (length)-7(time)’. 

(3)  Consequently  V|/k  has  dimensions  (time). 

(4)  Turbulence  dissipation  e  =  <v(3u,/3Xj)'->  has  dimen¬ 
sions  {length)-/(time)'. 

(.‘')  Consequently  c/k  has  dimensions  l/(time). 

(6)  We  can  close  Equations  (D  and  (3)  by  introducing  a 
variable  with  dimensions  (time)  or  l/(time). 

Kolmogorov’s  postulated  equation  for  «  (taking  some 
notational  liberties)  is  as  follows. 

dw/dt  =  -  du- +  3/3Xj(flV'r3u/3xJ  (4) 

This  equation  has  two  particularly  noteworthy  features. 
First,  there  is  no  analog  to  the  k-equation’s  turbulence 
generation  (production)  term.  The  absence  of  a  production 
term  is  consistent  with  Kolmogorov’s  notion  that  u  is  asso¬ 
ciated  with  the  smallest  scales  of  the  turbulence,  and  thus 
has  no  direct  interaction  with  the  mean  motion.  Second, 
the  equation  is  written  in  terms  of  u  rather  than  w-’.  As  will 
be  shown  below,  Kolmogorov’s  decision  to  write  his  equa¬ 
tion  in  terms  of  u  was  a  somewhat  prophetic  choice. 

Kolmogorov'  establishes  appropriate  values  only  for  the 
ratio  of  6  to  S*.  To  establish  values  of  the  other  closure 
coefficients,  we  can  insist  that  the  model  agree  with  the  law 
of  the  wall  and  that  it  predict  k  «  0.3<-uV>  approaching 
the  sublayer  from  above.  Also,  we  can  use  the  fact  that  u 
can  be  rescaled  in  such  a  way  that  Y*  is  effectively  set  to 
unity.  The  resulting  values  for  the  closure  coefficients  are 

8  =  .057,  8*  =  .09,  ^  1,  0  =  0*  =  1.14  (5) 

Kolmogorov  alludes  to  channel  and  pipe  flow  applications. 
He  states  that  for  channel  flow,  "the  result  is  in  agreement 
^sith  the  well-known  results  of  von  Karman." 

B.  Saffman’s  Model 

Completely  unaware  of  Kolmogorov’s  little  known  paper, 
Saffmano  formulated  a  model  using  k  and  u.  Saffman 
described  u  as  "a  frequency  characteristic  of  the  turbulence 
decay  process  under  its  self-interaction."  He  stated  further 


that,  "The  rough  idea  is  that  w*  is  the  mean  square  vorticity 
of  the  ’energy  containing  eddies’  and  [k]  Is  the  kinetic 
energy  of  the  motion  induced  by  this  vorticity."  Saffman 
chose  to  write  the  equation  for  w  in  terms  or  w-,  and  his 
equation  was  as  follows. 

duVdt  =  aa)-[(  3u,/  3Xj)-]'/-  -  8oi' 

+  3/3xj[av7  3w-V3xJ  (6) 

As  shown  in  Equation  (6).  Saffman  includes  a  production 
term  in  the  co  equation.  He  also  chose  to  represent  the 
turbui.^nce-energy  production  term  in  a  manner  similar  to 
that  used  by  Bradshaw, '■*  That  is,  he  approximated  the  k 
equation  production  term  as  a*k[(  3u,/  3X|+  3Uj/  9x,)-J'A 

The  closure  coefficients  for  the  Saffman  model  are  as 
follows. 

.15  <  5  <  .18.  8*  =  .09,  y*  =  1,  0  =  0*=  .50  (7) 

Also,  the  coefficients  a  and  ct*  are  given  by  .15  <  a  <  .21 
and  a*  =  .30. 

Modeling  the  production  terms  in  the  manner  he  chose  was 
dictated  by  a  desire  to  capture  the  sharp  turbulent- 
nonturbulent  interface  feature  of  turbulent  shear  layers. 
Saffman  showed  that  his  model  has  solutions  at  such  an 
interface  with  simple  algebraic  asymptotic  behavior  that  is 
consistent  with  measurements,  provided  also  that  the  ’turb¬ 
ulent  Prandtl  numbers’,  o  and  o*  are  equal  to  Vi. 

Saffman  made  an  even  more  significant  contribution  in 
speculating  ov  follows. 

"Effects  of  molecular  viscosity  have  been  neglected 
completely  in  the  model  equations.  The  molecular 
viscosity  can  be  incorporated  formally  into  the 
model  equations  in  a  simple  and  perhaps  natural 
way  by  adding  the  molecular  diffusivity  v  to  the 
turoulent  diffusisiiy  in  the  [diffusion  terms).  The 
boundary  condition  at  a  rigid  wall  could  then  be 
applied  on  the  wall  itself,  and  appropriate  conditions 
are  easily  shown  to  be 

u.  =  0.  k  =  0.  w  =  (uT'/viniuiZo/v)  (8) 

where  Zq  is  the  wall  roughness  and  R  is  some 
(unknown)  function  depending  on  the  nature  of  the 
wall." 

Although  he  performed  no  computations  with  molecular 
viscosity  included,  he  laid  the  foundation  for  one  of  the 
most  convenient  features  of  k-u  models,  viz.  the  ease  with 
which  the  equations  can  be  integrated  through  the  viscous 
sublayer. 

C.  Spulding's  Model 

As  part  ot  their  extensive  efforts  in  turbulence  modeling. 
Launder  and  Spalding*  developed  a  k-u  model.  The  equa¬ 
tion  for  u  was  again  written  in  terms  of  u-  and  is  as  follows. 

dw-Vdt  =  «w(  3u,/  3xj't-  3uy  3x,)-  v  yvi(  3?,/  3x,)-  -  dw' 

+  3/3x,[ovr3u73xJ  (9) 

where  is  the  mean  vorticity  vector,  a  =  1.043*,  and 
y  =  3.53*.  Closure  coefficients  for  the  Spalding  model  are 

3  =  .17,  3*  =  .09,  >»  =  1,  0  =  0*=  .00  ( 10) 

The  form  of  the  production  term  proportional  to  V  indicates 
that,  similar  to  the  later  work  of  Wilcox  and  Alber,’  Spald¬ 
ing  identified  u  as  the  RMS  fluctuating  vorticity. 
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D.  Wilcox  and  Rubesin’s  Model 

Building  upon  earlier  efforts  by  Wilcox  and  Alber,''  Saff- 
man  and  Wilcox,*<  and  Wilcox  and  Traci,’  Wilcox  and 
Rubesin"'  developed  a  k-w  model  which  has  since  been 
applied  to  a  wide  range  of  flows.  Following  Wilcox  and 
Traci,  Wilcox  and  Rubesin  regard  oj  as  being  "related  to" 
the  ratio  of  dissipation,  e  to  k.  For  high-Reynolds-number 
turbulent  flows,  the  equation  for  ca  is 

dco'Vdt  =  Vw(  3ui/ 9xj+ 8uj/ 3xj)’ -  [/5  +  2o(  9  JI/3xj)’]ca)-’ 

+  9/3xj[av.r3w-V3xJ  (11) 

where  JL  =  k‘/'/a)  is  the  turbulent  length  scale  and 
V  =  10/9.  The  other  closure  coefficients  are  as  follows. 

S  =  .15,  S*  =  .09,  y*  =  1,  0  =  a*  =  .50  (12) 

The  Wilcox-Rubesin  model  differs  from  Saffman’s  model  in 
two  ways.  First,  the  production  term  in  the  k  equation  is  as 
given  in  Equation  (3),  while  the  production  term  in  the  gj 
equation  is  Vco/k  times  the  k-equation  production  term. 
Second,  addition  of  the  term  proportional  to  (  3  Jl/3x.)^  in 
Equation  (11)  limits  the  peak  value  of  Jl  in  the  defect  layer 
of  a  turbulent  boundary  layer.  This  eliminates  what  Saff- 
man  referred  to  as  the  "weak  wake"  defect-layer  structure 
predicted  by  his  model  and  greatly  improves  predictions  for 
turbulent  boundary  layers. 

E.  Wilcox’s  Model 

In  the  aftermath  of  Stanford  Olympics  II'*,  Wilcox"  made  a 
key  modification  to  the  Wilcox-Rubesin  model  which  great¬ 
ly  improves  its  predictive  accuracy  for  adverse  pressure 
gradient  flows.  Specifically,  by  simply  writing  the  w  equa¬ 
tion  in  terms  of  w  rather  than  far  more  accurate  predic¬ 
tions  can  be  made  for  boundary  layers  subjected  to  an 
adverse  pressure  gradient.  The  equation  for  oj  is 

dco/dt  =  V(  3U|/  3xj  +  3uj/  3x,)-  -  /3oj- 

+  3/3Xj[ovx3W3X|]  (13) 

This  equation  differs  from  the  original  Kolmogorov  equa¬ 
tion  (4)  only  by  the  addition  of  a  production  term,  y  is  5/9 
and  the  other  closure  coefficients  are 

tJ  =  .075,  /3*  =  .09,  y*  =  \,  a  =  0*  =  .50  (14) 

Wilcox  specifically  offers  gj  =  e/(j3*k)  as  the  definition  of 
the  turbulence  property  gj. 

F.  Speziale.  Abid  and  Anderson’s  Model 

Accepting  Wilcox’s  definition  of  gj  as  the  ratio  of  e  to  k, 
Speziale,  Abid  and  Anderson''^  have  devised  a  k-cj  model. 
Their  approach  was  to  begin  with  the  classical  k-e  model, 
make  the  formal  change  of  dependent  variables  u  =  e/k, 
and  transform  the  governing  equations.  The  resulting  gj 
equation  for  high-Reynolds-number  turbulence  is 

dGj/dt  =  ■|'(  3Ui/  3Xj+  3uj/  3x|)^  -  iSgj^ 

+  2a{v-^/\i)  3k/  3x,  3gj/  3xj 

+  3/3Xj[ovT-3Gj/3Xj]  (15) 

with  y  =  0.44  and 

Q  =  .075,  &*  =  .09,  Y*  =  1,  0  =  0*=  .74  (16) 


Rather  than  use  the  precise  cross-diffusion  term  which 
makes  the  cj  equation  extremely  difficult  to  integrate  (see 
Section  IV-A),  they  introduced  the  term  proportional  to 
(3Jl/3xj)^  appearing  in  Wilcox  and  Rubesin’s  Equation 
(11).  The  choice  was  dictated  by  the  relative  ease  with 
which  the  resulting  gj  equation  can  be  integrated. 


III.  Effects  of  Pressure  Gradient 

As  noted  in  the  Introduction,  the  k-e  model  is  the  most 
frequently  used  two-equation  turbulence  model.  Almost 
every  turbulence  modeler  bases  his  model  upon  an  equa¬ 
tion  closely  resembling  the  e  equation.  While  its  near 
universality  is  indeed  impressive,  its  degree  of  success  in 
predicting  relatively  simple  flows  is  not.  As  shown  by 
Wilcox"  and  Rodi  and  Scheuerer'*,  the  k-e  model  is  very 
inaccurate  for  incompressible  boundary  layers  in  even  the 
mildest  of  adverse  pressure  gradients.  Furthermore,  as 
shown  by  Wilcox",  the  blame  for  the  poor  predictions 
cannot  be  placed  on  use  of  "inappropriate  wall  functions," 
the  usual  explanation  given  by  e-equation  advocates. 
Rather,  the  fault  lies  with  the  e  equation’s  intrinsic  behav¬ 
ior  approaching  a  solid  boundary  which  can,  to  some  extent, 
be  mitigated  by  using  wall  functions. 

Figure  1  (reproduced  from  Wilcox")  shows  results  of 
computations  for  incompressible  boundary  layers  with 
pressure  gradient.  Velocity  profiles  are  displayed  in  Fig¬ 
ures  1(a)  and  1(b)  in  terms  of  classical  defect-layer  coordi¬ 
nates,  (lJ,.-uVur  and  y/A  where  A  =  Uj3*/ut.  Figure  1(a) 
shows  that  differences  amongst  the  Wilcox  (k-cj),  Wilcox- 
Rubesin  (k-Gj^)  and  Launder  (k-e)  models  are  barely  no¬ 
ticeable  for  constant  pressure.  By  contrast.  Figure  1(b) 
shows  that  for  adverse  pressure  gradient,  computed  velocity 
profiles  are  quite  different  amongst  the  three  models. 


(U<,-U)/Ut  (Ue-U)/UT 


(a)  Velocity  profiles,  /3x  =  0  (b)  Velocity  profiles,  il5-i-  =  8.7 

n 


The  only  significant  difference  between  this  model  and  the 
Wilcox"  model  is  the  addition  of  the  ’cross-diffusion’  term 
proportional  to  3k/ 3xj  3gj/ 9xj.  Wilcox  and  Traci  per¬ 
formed  an  identical  analysis  to  arrive  at  a  similar  term  to 
alleviate  the  Saffman  model’s  "weak-wake"  problem. 


(c)  Variation  of  wake  strength  with  pressure  gradient 

Figure  1.  Comparison  of  computed  and  measured  defect- 
layer  properties: - Wilcox  k-cj  model;  —  Wilcox-Rube¬ 

sin  k-Gj^  model;  —  •—Launder  k-e  model. 
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k-u  model  results  are  closest  to  measured  values,  k-e  model 
results  are  farthest  from  measured  values  and  k-w’  model 
results  are  about  midway  between.  Figure  1(c)  compares 
computed  and  measured  values  of  Coles"'  wake  strength 
parameter,  it,  as  a  function  of  dimensionless  pressure  gradi¬ 
ent,  (J|,  defined  by 

Ur  =  5*(dp/dx)/T.  (17) 

where  S*  is  displacement  thickness,  dp/dx  is  pressure 
gradient,  and  is  surface  shear  stress.  Again,  it  is  clear 
that  the  k-w  model  comes  closest  to  matcning  measured 
values,  k-6  is  worst,  and  k-w-  is  about  midway  between. 

Using  perturbation  methods,  Wilcox"  demonstrates  that 
approaching  the  surface  on  the  scale  of  the  defect  layer,  the 
velocity  profile  behaves  asymptotically  as 

(Uj-u)/Ux^-»c'log(y/A)  +  A-C/Jr(y/A)log(y/A)  (18) 

The  constant  A  is  determined  as  part  of  the  solution  while 
the  constant  C  follows  directly  from  the  analytically  deduc- 
ible  limiting  form  of  the  solution  as  y/A  -» 0.  Table  I  lists 
values  of  A,  C  and  for  four  of  the  k-w  models  discussed  in 
Section  II  as  well  as  the  k-e  model.  The  numerical  results 
for  A  and  n  have  been  obtained  with  U-r  = 


Table  I.  Summary  of  computed  defect-layei  properties 


Model 

Type 

A 

C 

n 

Wilcox 

k-w 

13.1 

1.18 

4,().S 

Wilcox-Rubesin 

k-w- 

9,8 

2.60 

3.26 

Kolmogorov 

k-w 

10.0 

1.14 

.V21 

Launder 

k-e 

.''.2 

6.09 

2.27 

Speziale 

k-w 

5.\ 

4.96 

2,23 

Two  conclusions  can  be  drawn  from  Table  1.  First,  inspec¬ 
tion  of  the  fl  column  shows  that  the  Wilcox  model  predicts 
a  value  closest  to  the  experimental  value  of  between  4  and 
see  Figure  1(c)],  the  Kolmogorov  and  Wilcox-Rubesin 
va  ues  are  very  similar,  as  are  the  Launder  and  Speziale 
va  ues.  Second,  the  coefficient  C  is  smallest  for  the  Wilcox 
and  Kolmogorov  models,  largest  for  the  Launder  and 
Speziale  models,  and  about  midway  between  for  the  Wil¬ 
cox-Rubesin  model.  Inspection  of  Equation  (18)  and 
Figure  1(b)  shows  the  consequence  of  having  too  large  a 
value  for  C.  Specifically,  die  velocity  profile  develops  a 
curious  (nonphysical)  inflection  approaching  the  surface  for 
the  Launder  and  Speziale  models.  By  contrast,  there  is  no 
inflection  for  the  Wilcox  model  and  the  computed  profile  is 
very  close  to  corresponding  measured  values. 


Note  that  a  large  value  of  C  causes  velocity  profile  distor¬ 
tion  to  become  more  pronounced  as  U|  increases  in  magni¬ 
tude.  By  contrast,  Ux  =  0  constant  pressure  and  no 
distortion  occurs  as  shown  in  Figure  1(a).  This  underscores 
the  danger  in  relying  strictly  upon  constant-pressure  turbu¬ 
lence  data  for  calibrating  and  testing  a  turbulence  model. 


While  the  Kolmogorov  model  does  about  as  well  as  the 
Wilcox-Rubesin  model  for  flx  =  equations  prove  to  be 
more  difficult  to  integrate  than  any  of  the  other  models. 
Tlie  maximum  timestef  used  in  the  one-dimensional  iime- 
marching  solution  to  the  defect-layer  similarity  equations  is 
a  tenth  of  the  value  which  can  be  used  for  the  other  models. 


IV.  Integration  Through  the  Sublayer 

Perhaps  the  strongest  feature  of  the  k-w  model  is  the  ease 
with  which  the  equations  can  be  integrated  through  the 
viscous  sublayer.  This  stands  in  complete  contrast  to  the 
standard  k-e  model  which  is  notoriously  difficult  to  inte¬ 
grate  through  the  sublayer.  This  section  first  shows  how  the 
various  models  of  Section  11  and  the  k-e  model  fare  in  the 
sublayer  without  extensive  viscous  modifications.  Next,  the 
surface  roughness  function  alluded  to  by  Saffman  [Equa¬ 
tion  (8)1  is  discussed.  Finally,  a  particularly  simple  set  of 
viscous  modifications  to  the  Wilcox  k-w  model  are  present¬ 
ed  which  yield  satisfactory  prediction  of  subtle  sublayer 
structure  oetails  such  as  k  y-  as  y  -►  0,  the  sharp  peak 
value  of  k  near  y*"  =20,  and  accurate  turbulence  energy 
equation  term  balances. 

A.  Sublayer  Behavior  Without  Viscous  Damping 
In  order  to  integrate  the  turbulence  model  equations 
through  the  viscous  sublayer  we  must,  at  a  minimum,  add 
molecular  viscosity  to  the  diffusion  terms  of  the  k,  w  and 
mean-flow  equations.  Additional  viscous  damping  func¬ 
tions  generally  arc  needed  for  the  k-e  model  to  obtain  satis¬ 
factory  solutions,  and  many  researchers  have  attempted  to 
devise  appropriate  damping  functions'’.  An  interesting 
question  is,  ''Does  the  same  situation  hold  for  the  k-w 
model?"  The  purpose  of  this  subsection  is  to  answer  this 
question. 

To  facilitate  our  analysis,  we  simply  add  molecular  diffu¬ 
sion  terms  to  the  k  and  w  equations  for  each  of  the  six 
models  discussed  in  Section  II.  In  the  case  of  the  Speziale 
model,  we  also  include  molecular  viscosity  in  the  cross¬ 
diffusion  term  which  is  consistent  with  the  Speziale,  et  al 
derivation.  It  is  easy  to  demonstrate  that  the  solution 
approaching  y  =  0  behaves  as 

k^.y''  and  U’y-’w/v*^  constant  asy-*0  (19) 

Table  2  lists  the  values  of  n  and  the  constant  for  the  six 
models.  As  shown,  none  of  the  models  predicts  the  exact 
theoretical  values'’  of  n  =  U*y-w/v  =  2.  This  can  only 
be  accomplished  with  additional  modification  of  the  k  and 
w  equations.  Note  that  the  asymptotic  results  for  the  Spez¬ 
iale  model  are  independent  of  a  and  a*  and  are  thus  identi¬ 
cal  to  the  inherent  behavior  of  Launder’s  k-e  model. 


Table  2.  Sublayer  behavior  without  viscous  damping 


Model 

Type 

B 

n 

U*y-w/v 

Wilcox-Rubesin 

k-w- 

7.1 

4.00 

12.00 

Saffman 

k-w- 

6.0 

3.7-4.0 

12.00 

Spalding 

Wilcox 

k-w- 

k-w 

.‘1.7 

.*1.1 

3.79 

3.23 

12.00 

7.20 

Kolmogorov 

k-w 

.3.1 

3.62 

7.20 

Speziale 

k-w 

-2,2 

1.39 

0,.S3 

Exact/ Measured 

• 

.S.0-5.7 

2.00 

2.00 

It  is  interesting  to  take  this  analysis  a  step  further  byinte- 
grating  the  equations  through  the  viscous  sublayer.  This  is 
most  conveniently  done  using  perturbation  metnods.*-"  In 
the  perturbation  solution,  we  apply  no-slip  boundaiy  condi¬ 
tions  at  the  surface,  enforce  the  asymptotic  behavior  of  w 
dictated  by  Equation  (19),  and  compute  the  constant  in  the 
law  of  the  wall,  B,  from  the  following  limit. 


As  a  final  comment,  the  fact  that  the  Speziale  model  h.i;, 
the  same  ill-behaved  velocity  profile  for  adverse  prevMire 
gradient  is  unsurprising  as  it  has  been  derived  from  the  k-t 
model  using  a  formal  change  of  dependent  variables  The 
only  substantial  difference  between  the  models  is  m  the 
values  assigned  to  the  turbulent  Prandtl  numbers  o  and  a* 


B=  lim  [u’’ -  K-'logy'']  (20) 

y-.=e 

where  =  Uxy/vandu'*’  =  u/uf  are  conventional  sublay¬ 
er  coordinates.  Table  2  also  lists  the  computed  value  of  B 
for  the  six  models.  As  shown,  the  Spalding  and  Wilcox 
models  are  sufficiently  close  to  the  generally  accepted 


value  of  between  5.0  and  5.7  to  be  used  with  no  additional 
viscous  modifications.  The  Speziale  (and  hence  the  k-e) 
model  is  farthest  from  the  generally  accepted  value  for  B. 

The  sublayer  computations  illustrate  how  difficult  Spez- 
iale’s  cross-diffusion  term  is  to  handle  numerically.  TTie 
maximum  timestep  used  in  the  one-dimensional  time¬ 
marching  solution  to  the  sublayer  equations  is  a  tenth  of  the 
value  which  can  be  used  for  the  other  models.  The  only 
reason  this  problem  did  not  appear  in  the  defect-layer  solu¬ 
tion  is  because  the  computations  were  actually  done  in 
terms  of  k  and  e  with  Speziale’s  closure  coefficient  values. 

Figure  2  (reproduced  from  Wilcox*')  shows  just  how  well 
the  Wilcox  model  does  in  the  sublayer  without  additional 
viscous  modifications.  TTie  excellent  agreement  between 
computed  and  measured  sublayer  properties  has  been 
achieved  despite  the  fact  that  the  model  is  not  asymptotical¬ 
ly  correct  as  y  -*  0.  Since  this  model  performs  so  well  in 
flows  with  adverse  pressure  gradient,  this  author  believes 
that  current  efforts  by  numerous  researchers  aimed  at 
achieving  asymptotically  consistent  solutions  near  y  =  0  in 
the  name  or  improving  adverse  pressure  gradient  predic¬ 
tions  are  unlikely  to  succeed.  Inspection  of  the  momentum- 
integral  equation  tells  us  that  the  skin  friction  is  a  function 
of  the  entire  boundary-layer  structure,  not  just  localized 
near-surface  turbulence  details.  Hence  jf  a  turbulence 
rnodel  does  poorly  in  adverse  pressure  gradient,  the  most 
likely  source  of  error  is  lurking  in  the  defect  layer,  not  in 
the  sublayer. 


u  + 


(a)  Velocity  profile 
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effects,  Saffman’s  relationship  yields  an  especially  simple 
surface  boundary  condition  which  can  be  used  for  general 
flows  over  solid  boundaries. 

Following  Chambers  and  Wilcox-",  we  seek  solutions  to  the 
model  equations  in  which  oj  assumes  a  finite  value  at  the 
surface,  i.e.,  we  expand  in  Taylor  series.  Thus,  taking 
account  of  no-slip  at  y  =  0,  we  have 

u  =  u,y  +  '/2U,y^  +  ... 

k  =  k,y  +  ‘/2k,y-’  +  ...  -  (21) 

ca  =  +  00, y  +  ... 

For  all  six  of  the  models  of  Section  II  and  for  the  k-e  model, 
the  turbulence  energy  equation  yields  the  following  relation 
amongst  k,,  k,  and  tOn. 

k,  =  -c*k,-7(oonv)  (22) 

For  the  various  models,  substitution  of  Equations  (21) 

yields  the  following  relationships. 

Wilcox  and  Kolmogorov  Models 

00,  =  (i3oo„’-VconU,’-aco,k,)/(voon)  (23a) 

Saffman,  Spalding  and  Wilcox- Rubesin  Models 

00,  =  (/SoOfl^- aooo-u, -2aoO|k, -2voO|-)/(2i'oon)  (23b) 

Speziale  and  Launder  Models 

[2vc0|  +  (a-<j*)k|]cOf|  =  0  (23c) 

Inspection  of  Equations  (22)  ,  (23a)  and  (23b)  shows  that 
four  coefficients,  viz,  co,,,  oo,,  k,  and  u,  are  free  in  the  Wil¬ 
cox,  Kolmogorov,  Saffman,  Spalding  and  Wilcox-Rubesin 
models.  In  practice,  oon  can  be  assigned  arbitrarily  and  the 
other  three  coefficients  are  determined  by  conditions  far 
from  the  surface. 

By  contrast.  Equation  (23c)  shows  that  the  cross-diffusion 
term  imposes  an  extra  constraint  on  the  solution.  Conse¬ 
quently,  for  the  Speziale  and  Launder  models,  either  to  =  0 
or  2v3co/9y  =  (a-a*)9k/  9y  at  the  surface.  In  either  case, 
there  are  only  three  undetermined  coefficients  and  the 
surface  value  of  w  does  not  play  as  unique  a  role  as  it  does 
with  the  other  models. 

This  lack  of  flexibility  with  the  Launder  k-e  model  is  the 
basis  of  the  e  equation’s  "stiffness"  to  which  many  authors 
allude.  In  Subsection  IV-A,  we  found  that  one  valid  asymp¬ 
totic  solution  to  the  equations  is  co  "v  y-2.  The  analysis 
above  indicates  the  differential  equations  also  support  a 
solution  in  which  w  0.  This  is  analogous  to  having  two 
exponential  solutions  with  vastly  different  decay  (growth) 
scales.  Numerical  solutions  thus  have  a  tendency  to  lock  on 
to  the  undesirable  infinite-w  solution  which,  as  shown  in 
Section  IV-A,  fails  to  approach  the  law  of  the  wall  with  an 
acceptable  value  for  B.  By  contrast,  with  the  exception  of 
the  Speziale  model,  k-u  models  have  solutions  for  arbitrary 
surface  values  of  w  varying  continuously  from  0  to  ». 


(b)  Production  and  dissipation 

Figure  2.  Comparison  of  computed  and  measured  sublayer 
properties  for  a  perfectly  smooth  surface. 


Wilcox  and  Traci  were  the  first  to  confirm  Saffman’s  postu¬ 
lated  relationship  [Equation  (8)]  between  the  surface  value 
of  CO  and  surface  roughness,  Zq.  In  addition  to  providing  a 
straightforward  way  of  representing  surface  roughness 


Figure  3  (reproduced  from  Wilcox")  illustrates  the  effect  of 
varying  the  surface  value  of  co.  The  value  of  the  constant  B 
in  the  law  of  the  wall  varies  continuously  with  fl  [see 
Equation  (8)]  as  shown.  Experimental  measurements-' 
indicate  that  B  varies  with  surface  roughness  Zg.  Based  on 
these  results,  Wilcox"  offers  the  following  correlation. 


(50v/urZo)' , 
( lOOv/u^Zo) , 


UjZq/v  <  25 
UjZq/v  >  25 


(24) 
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Figure  3.  Computed  variation  of  the  constant  in  the  law  of 
the  wall,  B,  as  a  function  of  the  surface  value  of «. 


Notice  that  our  solution  asymptotes  smoothly  to  the  solu¬ 
tion  given  in  F.i|uation  (19)  as  Zq  -•  0.  Consequently,  we 
infer  that  Equation  (19)  in  which  u  is  infinite  approaching 
the  surface  corresponds  to  a  perfectly  smooth  surface.  In 
the  limit  -*  0,  combining  Equations  (8)  and  (24) 

yields 

w  =  25()()v/zo’  at  y  =  n  (25) 

In  practice.  Equation  (25)  should  be  used  rather  than  E<^a- 
tion  ( 19)  even  if  a  perfectly  smooth  surface  is  desired.  The 
advantage  in  using  Equation  (25)  is  obvious  for  several 
reasons. 

1,  Local  geometry  (e  g.,  distance  normal  to  the  surface) 
does  not  appear  so  it  can  he  applied  even  in  three- 
dimensional  geometries. 

2,  Zo  wnly  be  small  enough  to  have  a  hydraulically 
smooth  surface  which  occurs  when  U|Zo/v  <  ,5. 
Resulting  values  for  the  surface  value  of  «  are 
rarely  ever  large  enough  to  cause  numerical  error 
provided  a  sensible  finite-difference  grid  is  used. 

3,  Experience  has  shown  that  Equation  (25)  works  well 
for  separated  flows. 

C.  Viscous  Modifications 

As  shown  in  Table  2,  nearly  all  of  the  models  discussed 
above  require  modification  beyond  simply  adding  molecu¬ 
lar  diffusion  in  order  to  facilitate  integration  through  the 
sublayer.  Achieving  an  acceptable  value  for  B  is  just  one 
consideration.  For  some  applications,  we  require  informa¬ 
tion  about  the  point  at  wnich  transition  from  laminar  to 
turbulent  flow  occurs.  All  of  the  k-cj  models  and  the  k-e 
model  predict  transition  to  turbulence  at  Reynolds  numbers 
which  are  at  least  an  order  of  magnitude  too  low  for  the 
Blasius  boundary  layer.  In  highly  specialized  applications 
such  as  the  aerodynamic  window,  we  require  a  realistic 
description  of  the  experimentally-observed  sharp  near¬ 
surface  peak  in  turbulent  energy.  All  of  the  models  fail  to 
predict  k  %  y-  near  a  solid  surface  and,  correspondingly,  fail 
to  predict  this  sharp  peak. 

To  accom.modate  such  applications,  we  must  permit  some 
of  the  closure  coefficients  to  vary  with  Reynolds  number. 
The  most  common  parameter  used  is  the  turbulence  Reyn¬ 
olds  number.  Rep,  defined  by 


Re,  =  k/(wv)  (26) 

This  quantity  is  independent  of  flow  geometry  and  thus 
preserves  the  universal  nature  of  the  model.  Some  authors 
also  introduce  the  dimensionless  distance  y*"  =  in 
formulating  viscous  modifications.  This  has  the  disadvan¬ 
tage  of  reducing  model  universality  and  can  be  difficult  to 
implement  in  complex  geometries.  The  approach  taken 
here  is  to  cast  all  viscous  modifications  in  terms  of  Re,  and 
to  introduce  the  minimum  amount  of  complexity. 

As  discussed  by  Speziale,  et  aP’,  one  long-standing  problem 
faced  by  turbulence  modelers  is  the  ratio  of  &  to  S*.  On  the 
one  hand,  the  ratio  for  all  models  is  chosen  to  match  the 
observed  decay  rate  for  homogeneous  isotropic  turbulence, 
which  means  we  select  =  6/5.  On  the  other  hand,  this 
ratio  also  controls  the  algebraic  behavior  of  k  as  y  -•  0. 

One  way  to  remove  this  deficiency  with  the  addition  of  a 
single  closure  coefficient  is  to  introduce  a  ’laminar  Prandtl 
number’  in  the  w  equation,  viz,  for  the  Wilcox  model  we 
modify  Equation  ( 13)  as  follows. 

dw/dt  =  y{  3u,/  3x,-t-  3u,/  3x,)-  •  Hco- 

+  3/3Xj[(0|  v-i-avr)9w/3x,]  (27) 

Equation  (27)  predicts  k  v  y"  and  S*y'oi/v  %  6a[li*/8  as 
y -*().  where  n  = '/tjl  +  (1 -l•24^J|fl•/l3)‘''].  Thenifweset 

a,  =.VI8  (28) 

we  have  the  desired  solution,  i.e.,  n  =  5*y-Wv'  =  2.  Since 
diffusion  terms  vanish  in  homogeneous  isotropic  turbu¬ 
lence,  we  still  have  the  desired  decay  rate. 

While  we  now  have  the  desired  near-surface  asymptotic 
behavior  for  k  and  w,  our  sublayer  solution  has  suffered  a 
relapse.  The  model  now  predicts  a  constant  in  the  law  of 
the  wall,  B  =  0,62,  which  is  almost  as  bad  as  the  k-6  model. 
We  can  simultaneously  remedy  this  problem  and  facilitate 
accurate  transition  predictions  by  letting  V  and  depend 
upon  Re,.  The  following  functions  are  sufficient  to  accom¬ 
plish  our  stated  goals. 

V  =  V.,(Vo  +  Re,/Ru)/(1  +  Re,/Rto)  (29) 

V*  =  (Vo*  +  Rer/Rk)/(l  *  Re,/Rk)  (.V)) 

Equations  (29)  and  (.71))  contain  four  new  closure  coeffi¬ 
cients.  viz,  Vq,  Vq*.  Rk  and  R^j.  The  value  for  Vq*  can  be 
established  using  the  procedure  first  presented  by  Wilcox.” 
To  understand  this  procedure,  we  need  an  explanation  of 
how  we  use  the  model  equations  to  predict  transition  for 
the  Blasius  boundary  layer.  The  following  sequence  of 
events  occurs. 

(1) The  computation  starts  in  a  laminar  region  with  k  =  0  in 
the  boundary  layer  and  a  small  freestream  value  of  k. 

(2)  Initially,  dissipation  of  k  exceeds  production  of  k. 
Turbulence  energy  is  entrained  from  tne  freestream  and 
spreads  through  the  boundary  layer  by  molecular  diffu¬ 
sion.  It  is  not  amplified  and  the  boundary  layer  remains 
laminar. 

(3)  At  a  critical  Reynolds  number,  Re^c,  production  catches 
dissipation.  Downstream  of  x^,  k  production  exceeds  k 
dissipation  and  turbulence  energy  is  amplified. 

(4)  At  some  point  downstream  of  x,..  k  underwes  rapid 
growth  and  transition  to  turbulence  occurs,  the  transi¬ 
tion  point  is  sensitive  to  the  freestream  values  of  both  k 
and  u. 


Using  Equations  (3),  (27)  and  (30)  along  with  the  Blasius 
solution,  the  critical  Reynolds  number  is 

Rex,  =  27.30, -Wo*  (31) 

We  can  set  the  value  of  Vq*  by  requiring  that  Rexc  match 
the  minimum-critical  Reynolds  number  of  10<  predicted 
by  linear  stability  theory  for  the  Blasius  boundary  layer. 
The  value  of  Vq  controls  the  width  of  the  transition  region, 
and  experience''  has  shown  that  experimental  measure¬ 
ments  are  accurately  reproduced  by  the  model  equations 
when  we  select  Yq  =  Yq*-  Hence,  we  conclude  that 

Yo  =  Vo*  =0|’/.3.30  (.32) 

The  values  for  Rj;  and  R(jj  are  established  by  performing  a 
series  of  sublayer  computations.*'-"  For  each  value  of  Rk, 
there  is  a  unique  value  of  R(j  which  yields  a  specified  value 
of  B.  Table  3  shows  results  of  a  series  of  computations 
designed  to  yield  B  =  S.O.  The  table  includes  the  peak 
value  of  dimensionless  turbulence  energy,  k„,,  =  k/Uf-’. 


Table  3.  Closure  coefficients  which  yield  B  =  .*>.0 


Rk 

Rco 

1 

0.22 

3.33 

2 

0.78 

3.33 

5 

2.75 

3.50 

10 

6.47 

.3.81 

20 

14.65 

4.24 

30 

23.50 

4.55 

40 

32.<)0 

4.78 

50 

42.70 

4.08 

Comparison  between  computed  and  measured  sublayer, 
channel-flow  and  pipe-flow  properties  indicates  that  the 
optimum  (Rk-Rw)  pair  is  (50,14,65).  Figures  4  and  5 
compare  computed  and  measured  sublayer  and  channel- 
flow  properties  for  Rk  =  20  and  Rm  =  14.65.  The  low- 
Reynolds-number  channel  flow  simulation  data  of  Man- 
sour,  Kim  and  Moin-3  are  included  in  both  figures  as  well  as 
the  older,  high-Reynolds-number  pipe-flow  measurements 
of  Laufer-’^.  Aside  from  the  fact  that  dissipation  has  a 
nonzero  value  at  the  surface,  the  overall  agreement  be¬ 
tween  computed  and  measured  sublayer  properties  is 
almost  identical  to  that  obtained  with  the  unmodified 
W'ilcox  model  (see  Figure  2).  On  balance,  computed 
production  and  dissipation  for  channel  flow  are  closer  to 
the  Mansour,  et  al  data  than  to  the  Laufer  data. 


The  only  way  in  which  the  viscous  modifications  proposed 
in  Equations  (27)  through  (32)  fail  to  duplicate  exact 
asymptotic  behavior  is  for  the  shear  stress,  <-uV>.  The 
modifications  predict  <-uV>  y*  while  the  exact  asymp¬ 
totic  variation  should  be  y'.  The  effect  of  this  shortcoming 
on  predicted  flow  properties  is  almost  certainly  negligible 
as  the  Reynolds  stresses  are  of  little  consequence  in  the 
portion  of  the  sublayer  for  which  this  asymptotic  behavior 


In  closing,  note  that  the  original  Wilcox  model  has  exactly 
five  closure  coefficients.  The  viscous  modifications  of  this 
subsection  double  that  number!  Unless  your  application 
requires  accurate  transition  prediction  and/or  detailed 
prediction  of  esoteric  features  such  as  the  sh  irp  peak  in  k 
near  a  solid  boundary,  the  extra  complexity  just  isn't  worth 
it.  There  is  virtually  no  difference  in  computed  skin  fric¬ 
tion,  mean  velocity  profiles,  and  even  in  the  turbulence 
energy  equation  budget.  Thus,  for  the  majority  of  engineer¬ 
ing  applications,  the  Wilcox  k-u  model  is  satisfactory 
without  viscous  modifications. 


m 


Figure  4.  Comparison  of  computed  and  measured  sublayer 
properties. 


Figure  5.  Comparison  of  computed  and  measured  low- 
Reynolds-number  channel-flow  properties. 
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V.  Free  Shear  Flows 

One  area  in  which  further  research  is  needed  for  the  k-w 
model  is  that  of  free  shear  flows.  Table  4  presents  comput¬ 
ed  spreading  rates  for  the  incompressible  mixing  layer, 
plane,  round  and  radial  jets,  and  the  plane  far  wake. 


Table  4.  Spreading  rates  for  free  shear  flows 


Flow 

Wilcox 

Launder 

Speziale 

Measured 

Mixing  Layer 

.100-.  141 

.099 

.115 

.116 

Plane  Jet 

.090-.  133 

.108 

.130 

.100-.  no 

Round  Jet 

.11.''-.175 

.120 

.1.<'5 

.086 

Radial  Jet 

.088-.  186 

.095 

.112 

.096-.  no 

Plane  Wake 

.221-.49S 

.257 

.285 

.365 

The  Wilcox  k-w  model  solutions  are  very  sensitive  to  the 
freestream  value  of  w.  Consequently  a  range  of  spreading 
rates  are  possible.  By  contrast,  the  lutunder  k-e  model  and 
Speziale's  k-w  model  show  no  sensitivity  to  freestream 
values.  This  is  evidence  that  Speziale’s  ’cross-diffusion’ 
terms  remove  the  Wilcox  model’s  sensitivity  to  freestream 
conditions. 

Note  that  all  three  models  suffer  from  .the  well-known 
"round-jet/plane-jet  anomaly,"  i.e.,  in  contrast  to  measure¬ 
ments,  all  models  predict  that  the  round  jet  spreads  more 
rapidly  than  the  plane  jet. 


VI.  Stanford  Olympics  lit  Applications 

A  great  deal  of  progress  has  been  made  with  the  k-w  model 
over  the  past  20  years,  especially  during  the  past  decade. 
The  Wilcox-Rubesin  model  was  exercised  in  60  of  the 
Stanford  Olympics  II  test  cases,  and  the  Wilcox  model  has 
been  allied  to  all  of  the  ongoing  Stanford  Olympics  III 
cases.  Two  of  the  Wilcox  model  applications  in  the  most 
recent  Olympiad  are  of  interest  here. 

The  Samiiel-Joubert  boundary-layer  case  was  the  single 
flow  which  best  exemplified  the  disappointing  state  of  the 
art  of  two-equation  turbulence  models  at  the  time  of  Stan¬ 
ford  Olympics  II."'  This  flow  is  an  incompressible  bound¬ 
ary  layer  in  an  increasingly  adverse  pressure  gradient.  No 
model  made  a  satisfactory  prediction  of  skin  friction  and 
velocity  profiles  for  this  flow,  even  though  it  was  one  of  the 
"simple"  entry  cases.  The  same  case  has  been  included  in 
Stanford  Olympics  III'^  to  see  if  the  state  of  the  art  has 
improved  since  1981.  Figure  6  compares  predictions  of  the 
Wilcox  k-w  model  with  experimental  Cf  for  this  flow. 
Computed  c,  is  within  acceptable  engineering  accuracy. 

lO^Cf 


Figure  6.  Computed  and  measured  skin  friction  for  Samuel 
and  Joubert’s  boundary  layer. 


The  other  noteworthy  result  is  for  flow  past  a  backward¬ 
facing  step.  Figure  7  compares  computed  and  measured 
skin  friction  and  surface  pressure  distributions.  Computed 
reattachment  length  is  approximately  5H,  where  H  is  the 
step  height.  Typical  reattachment  length  for  the  unmodi¬ 
fied  k-€  model  is  4H  while  the  measured  length  is  6H.  The 
most  exciting  result  of  this  computation,  performed  by 
Salari-^  is  the  fact  that  peak  values  of  the  eddy  viscosity 
are  close  to  values  inferred  from  measurements.  By  con¬ 
trast,  k-e  peak  eddy  viscosity  values  are  typically  twice  the 
measured  values. 
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(a)  Skin  friction 


(b)  Surface  pressure 

Figure  7.  Computed  and  measured  backward  facing  step 
flow  properties. 


VII.  Summary  and  Conclusions 

The  k-w  two-equation  turbulence  model,  although  not  as 
popular  as  the  standard  k-e  model,  offers  advantages  for 
flows  with  adverse  pressure  gradient  and  for  flows  where 
integration  through  the  sublayer  is  preferred.  Kolmogo¬ 
rov’s  1942  k-w  mrael  was  within  a  single  term  (production 
in  the  w  equation)  of  being  as  accurate  as  any  two-equation 
turbulence  model  available  today. 

Results  of  Section  IV  show  why  the  k-w  model  is  so  easy  to 
integrate  through  the  sublayer.  One  of  Saffman’s  most 
important  contributions  is  his  rough-wall  boundary  condi¬ 
tion  which  has  proven  to  be  an  especially  useful  feature  of 
the  k-w  model,  a  feature  not  shared  by  the  k-e  model.  The 
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viscous  modifications  devised  permit  accurate  prediction  of 
near-surface  asymptotic  behavior  at  the  expense  of  dou-- 
bling  the  number  of  closure  coefficients.  Nevertheless,  the 
modified  k-u  model  can  be  used  to  predict  boundary-layer 
transition  and  for  low-Reynolds-numner  flows. 

Additional^  research  is  needed  to  determine  the  cause  of  the 
k-w  model’s  sensitivity  to  the  freestream  value  of  w. 

The  k-u  model  has  undergone  a  slow  evolutionary  process 
from  the  original  work  of  Kolmogorov  to  the  most  recent 
work  of  Speziale,  et  al.  Given  its  obvious  strengths,  per¬ 
haps  the  next  decade  will  show  increased  interest  from  the 
turbulence  community. 


Vlll.  AcknowledBement.s 

Research  was  supported  by  the  U.  S,  Army  Research  Office 
and  the  NASA  Langley  Research  Center  under  Contracts 
DAAL03-87-C-00()4  and  DAAL()3-8<)-C-()032  with  Dr. 
Thomas  Doligalski  and  Dr.  Julius  Harris  as  Contract 
Monitors.  Dr.  Kambiz  Salari  and  Dr.  Patrick  Roache  of 
Ecodynamics  Research  Associates,  Inc.  were  most  helpful 
in  making  results  of  their  backward-facing  step  computa¬ 
tion  available. 


References 

'Prandtl,  L..  "Bericht  Uber  Untersuchungen  zur 
ausgebildeten  Turbulenz,"  ZAMM,  Vol  5.  p  1.36  ( l<)25). 

•Van  Driest.  E.  R.,  "On  Turbulent  Flow  Near  a 
Wall."  J  Aero  Sci.  Vol  23.  p  1007  ( 19.S6). 

'Cebeci,  T.  and  Smith.  A.  M.  0„  Analysis  of  Turbu¬ 
lent  Boundary  Layers.  Ser  in  AppI  Math  &  Mech.  Vol  XV, 
Academic  Press  (1974), 

n.aunder.  B.  E.  and  Spalding,  D.  B..  Mathematical 
Models  of  Turbulence.  Academic  Press,  London  ( 1972), 

'Kolmogorov,  A,  N.,  "Euuations  of  Turbulent 
Motion  of  an  Incompressible  Fluid,"  Izvestia  Academy  of 
Sciences,  USSR:  Physics,  Vol  6,  Nos  1  and  2,  pp  .36-58 
(1042). 

'Saffman,  P.  G.,  "A  Model  for  Inhomogeneous 
Turbulent  Flow,"  Proc  Roy  Soc,  Lond,  Vol  A3 17,.  pp  417- 
433  ( 1970). 

"Wilcox,  D.  C,  and  Alber,  I.  E.,  "A  Turbulence 
Model  for  High  Speed  Flows,"  Proc  of  the  1972  Heat  Trans 
&  Fluid  Mech  Inst.  Stanford  Univ  Press,  pp  231-252  ( 1972). 

'Saffman,  P.  G.  and  Wilcox,  D.  C,  Turhulence- 
.Model  Predictions  for  Turbulent  Boundary  Layers,"  AIAA 
J,  Vol  12,  No  4,  pp  .541-546  (April  1974). 

'Wilcox,  D.  C.  and  Traci,  R.  M.,  "A  Complete  Model 
of  Turbulence."  Al  AA  Paper  76-35 1  ( 1976). 

‘"Wilcox,  D.  C.  and  Rubesin,  M.  W.,  "Progress  in 
Turbulence  Modeling  for  Complex  Flow  Fields  Including 
Effects  of  Compressibility,"  NAaA  TP  15 17  ( 1980). 

"Wilcox,  D.  C.,  "Reassessment  of  the  Scale  Deter¬ 
mining  Equation  for  Advanced  Turbulence  Models,  '  Al-VA 
Journal,  vol  26,  No  1 1,  pp  1299-1310  (November  19S.S) 

‘U.akshminarayana,  B.,  Turbulence  Modeling  tor 
Complex  Shear  Flows,"  AIAA  Journal,  Vol  24,  pp  VaiO- 
1917,  (December  1986). 


‘'Bradshaw,  P.,  Launder.  B.  E.  and  Lumley,  J., 
"Collaborative  Testing  of  Turbulence  Models,"  AIAA 
Paper  91-0215  (January  1991). 

‘■•Bradshaw,  P..  Ferriss,  D.  H.  and  Atwell,  N.  P.. 
"Calculation  of  Boundary  Layer  Development  Living  the 
Turbulent  Energy  Equation,"  JFM,  Vol  28,  Pt  3,  pp  593-616 
(1967). 

‘'Rodi,  W.  and  Scheuerer,  G.,  "Scrutinizing  the  k-e 
Turbulence  Model  Under  Adverse  Pressure  Gradient 
Conditions."  Transactions  of  the  ASME,  Vol  108,  pp  174- 
179  (June  1986). 

"■Kline,  S.  J.,  Cantwell.  B.  J.  &  Lilley,  G.  M..  1980-81 
AFOSR-HTTM-Stanford  Conference  on  Complex  Turbu¬ 
lent  Flows.  Stanford  Univ  (1981). 

•’Speziale,  C.  G..  Abid,  R.  and  Anderson,  E.  C.,  "A 
Critical  Evaluation  of  Two-Etiuation  Models  for  Near  Wall 
Turbulence,"  AIAA  Paper  90-1481  (June  1990). 

'"Coles.  D.  E.  and  Hirst.  E.  A..  Computation  of 
Turbulent  Boundary  Lavers- 1968  AFQSR-lFP-Stanford 
Conference.  Vol  11.  Stanford  Univ  ( 19691. 

‘■'Patel,  V.  C.,  Rodi,  W.  and  Scheuerer,  G.,  'Turbu¬ 
lence  Models  for  Near-Wall  and  Low  Reynolds  Number 
Flows:  A  Review,"  AIAA  Journal,  Vol  23,  pp  1308-1319 
(1985). 

-‘‘Chambers,  T.  L.  and  Wilcox,  D.  C.,  "Critical 
Examination  of  Two-Equation  Turbulence  Closure  Models 
for  Boundary  Layers,"  AIAA  Journal,  Vol  15,  No  6,  pp  821- 
828  (June  1977). 

-'Schlichting,  H.,  Boundary  Layer  Theory.  Fourth 
Ed,  McGraw-Hill,  New  York,  pp  5 19-.S2'7  ( 1%()). 

-AVilcox,  D.  C.,  Turbulence-Model  Transition 
Predictions,"  AIAA  Journal,  Vol  13,  No  2,  pp  241-243 
(1075). 

-'Mansour,  N.  N.,  Kim,  J.  and  Moin,  P.,  "Reynolds 
Stress  and  Dissipation  Rate  Budgets  in  Turbulent  Channel 
Flow,"  Journal  of  Fluid  Mechanics,  Vol  194.  pp  15-44 
(1988). 

-■•l.aufer,  J.,  'The  Structure  of  Turbulence  in  Fully 
Developed  Pipe  Flow,"  NACA  1 174  ( 1952). 

•'Salari,  K.,  personal  communication  (December 

1991). 


REFERENCES 


1.  Wilcox,  D.  C.,  "A  Complete  Model  of  Turbulence  Revisited,"  AIAA  Paper  84-0176, 
Jan.  1984. 

2.  Wilcox,  D.  C.,  "Multiscale  Model  for  Turbulent  Flows,"  AIAA  Paper  86-0029,  Jan. 
1986. 

3.  Wilcox,  D.  C.,  "Advanced  Applications  of  the  Multiscale  Model  for  Turbulent 
Flows,"  AIAA  Paper  87-0290,  Jan.  1987. 

4.  Wilcox,  D.  C.,  "More  Advanced  Applications  of  the  Multiscale  Model  for  Turbulent 
Flows,"  AIAA  Paper  88-0220,  Jan.  1988. 

5.  Wilcox,  D.  C.,  "Reassessment  of  the  Scale  Determining  Equation  for  Advanced 
Turbulence  Models,"  AIAA  Journal,  Vol.  26,  No.  11,  Nov.  1988,  pp.  1299-1310. 

6.  Wilcox,  D.  C.,  "Multiscale  Model  for  Turbulent  Flows,"  AIAA  Journal,  Vol.  26,  No. 
11,  Nov.  1988,  pp.  1311-1320. 

7.  Wilcox,  D,  C.,  "Wall  Matching,  A  Rational  Alternative  to  Wall  Functions,"  AIAA 
Paper  89-061 1,  Jan.  1989. 

8.  Wilcox,  D.  C.,  "Supersonic  Compression-Corner  Applications  of  a  Multiscale  Model 
for  Turbulent  Flows,"  AIAA  Journal,  Vol.  28,  No.  7,  Jul.  1990,  pp.  1 194-1 198. 

9.  Wilcox,  D.  C.,  "A  Half  Century  Historical  Review  of  the  k-w  Model,"  AIAA  Paper 
91-0615,  Jan.  1991. 

10.  MacCormack,  R.  W.,  "Current  Status  of  Numerical  Solutions  of  the  Navier-Stokes 
Equations,"  AIAA  Paper  85-0032,  Jan.  1985. 

11.  MacCormack,  R.  W.,  "A  Numerical  Method  for  Solving  the  Equations  of  Compress¬ 
ible  Viscous  Flow,"  AIAA  Journal,  Vol.  20,  Sep.  1982,  pp.  1275-1281. 

12.  Walters,  R.  W.  and  Thomas,  J.  L,  "Advances  in  Upwind  Relaxation  Methods,"  State- 
of-the-Art  Surveys  on  Computational  Mechanics,  pp  145-183. 

13.  Favre,  A.,  "Equations  des  Gaz  Turbulents  Compressibles,"  J  Mecan,  Vol  4,  No  3,  pp 
361-390(1965). 


89 


14.  Roe,  P.  L.,  "Approximate  Riemann  Solvers,  Parameter  Vectors,  and  Difference 
Schemes,"  Journal  of  Computational  Physics,  Vol  43,  pp  357-372  (1981). 

15.  Van  Leer,  B.,  "Flux-Vector  Splitting  for  the  Euler  Equations,"  ICASE  Report  82-30 
(September  1982). 

16.  Morrison,  J.,  "Flux  Difference  Split  Scheme  for  Turbulent  Transport  Equations," 
AIAA  Paper  90-5251  (October  1990). 


90 


